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CONSTRAINED DEFORMATIONS OF POSITIVE SCALAR CURVATURE
METRICS
ALESSANDRO CARLOTTO AND CHAO LI
Abstract. We present a series of results concerning the interplay between the scalar curva-
ture of a manifold and the mean curvature of its boundary. In particular, we give a complete
topological characterization of those compact 3-manifolds that support Riemannian metrics
of positive scalar curvature and mean-convex boundary and, in any such case, we prove
that the associated moduli space of metrics is path-connected. The methods we employ are
flexible enough to allow the construction of continuous paths of positive scalar curvature
metrics with minimal boundary, and to derive similar conclusions in that context as well.
Our work relies on a combination of earlier fundamental contributions by Gromov-Lawson
and Schoen-Yau, on the smoothing procedure designed by Miao, and on the interplay of
Perelman’s Ricci flow with surgery and conformal deformation techniques introduced by
Coda´ Marques in dealing with the closed case.
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1. Introduction
Let Xn be a compact n-dimensional manifold with boundary ∂X. When we endow it with
a Riemannian metric g, one can consider the following two geometric functions:
Rg : X → R, Hg : ∂X → R,
describing the scalar curvature of X and the mean curvature of its boundary, respectively.
We shall be concerned here with certain geometrically significant subsets of Riemannian
metrics defined by pointwise inequalities involving the functions R and H. As a paradigmatic
case, we wish to gain some understanding of the space M =MR>0,H>0 consisting of those
Riemannian metrics on X that have positive scalar curvature and (strictly) mean-convex
boundary. Two well-known, fundamental questions one may ask, in this respect, are whether
for a given X the set M is not empty, and, if so, whether one can say something about the
topology of this space, and draw at least some partial conclusions about its homotopy type.
These two questions naturally fit in a much larger picture, describing the interactions
between interior and boundary curvature conditions. When such conditions are defined by
inequalities involving the scalar curvature of the manifold, on the one hand, and the mean
curvature of its boundary, on the other hand, such interactions have proven to be rather
elusive. We refer the reader to the recent article [15] by M. Gromov for a survey of various
results related to this general theme, and for a list of significant open problems. It is also
appropriate to point out how some of these questions naturally arise in the study of initial
data sets for the Einstein equations, in which context the curvature bounds are motivated by
specific physical axioms (see, for instance, the monographs [21,50] and references therein).
In the two-dimensional case, namely when n = 2, we know (thanks to the Gauss-Bonnet
theorem) thatM 6= ∅ only when X is a disk and that, by the uniformization theorem,M is
always path-connected. It is then natural to wonder to what extent similar conclusions still
hold true in the higher-dimensional scenario, or whether instead new phenomena occur. Our
first theorem gives a complete characterization of those compact 3-manifolds that support
Riemannian metrics of positive scalar curvature and mean-convex boundary.
Theorem 1.1. Let X3 be a connected, orientable, compact manifold with boundary, such
that M 6= ∅. Then there exist integers A,B,C,D ≥ 0, such that X is diffeomorphic to a
connected sum of the form
Pγ1# · · ·#PγA#S3/Γ1# · · ·#S3/ΓB#
(
#Ci=1(S
2 × S1)) \ (unionsqDi=1B3i ).
Here: Pγi, i ≤ A, are genus γi handlebodies; Γi, i ≤ B, are finite subgroups of SO(4) acting
freely on S3; B3i , i ≤ D, are disjoint 3-balls in the interior. Viceversa, any such manifold
supports Riemannian metrics of positive scalar curvature and mean-convex boundary.
One of the two implications follows quite directly from Remark 1.3 below by means of
the Gromov-Lawson connected sum construction [18], while the converse (providing the
topological characterization given the curvature conditions) is much more subtle. We refer
the reader to Section 2 for a series of remarks related to this statement, the discussion of
various simple examples and the proof of this result.
Let us then move to the second question we posed. When n ≥ 3 it is still true that
the n-dimensional disk (the closure of the n-dimensional ball) supports metrics of positive
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scalar curvature and convex boundary (like those corresponding to round spherical caps)
so it makes sense to ask whether M is path-connected in this case as well. In this article,
we provide an affirmative answer to this question when n = 3, and in fact we present a
result that applies to the moduli space of any compact 3-manifold with boundary. To state
our second main theorem, we let D be the class of diffeomorphisms of X and M/D be the
associated moduli space of metrics. Then, the following conclusions hold:
Theorem 1.2. Let X3 be a connected, orientable, compact manifold with boundary. If M
is not empty, then the moduli space M/D is path-connected. When X3 ' D3 then the space
M is itself path-connected.
Even in the special case of the n-dimensional disk, we are not aware of any similar result,
in either direction, for any n ≥ 4; also there seems to be very fragmentary information
about higher homotopy groups pik(M(Dn)) whenever n 6= 2. The possibility of employing
the first statement to derive the somewhat stronger conclusion presented in the second one
relies on a deep result by J. Cerf [10] asserting the contractibility of D+(D3), the class of
orientation-preserving diffeomorphisms of X.
In fact, the techniques we employ to prove the two theorems above also allow to study the
larger moduli spaces that are obtained by weakening one, or both inequalities that define
M. Most significantly, and somewhat surprisingly, we can even refine our deformation
schemes to obtain continuous paths of positive, or non-negative, scalar curvature metrics
with minimal boundary. In particular, Theorem 1.2 above has a natural counterpart for the
space H := HR≥0,H=0, see Theorem 6.1, which in turn implies the path-connectedness of
asymptotically flat Riemannian 3-manifolds with non-negative scalar curvature and minimal
boundary (cf. [34, 44]).
In order to contextualize these theorems, it is convenient to first compare them with
our current understanding of the corresponding questions in the case of closed manifolds, a
setting where much more is known.
1.1. Connection to the closed case. For a given compact, orientable manifold Mn with-
out boundary, let R denote the (possibly empty) space of positive scalar curvature metrics
and let R/D the associated moduli space, for D the diffeomorphisms of M . As above, one
wonders whether R 6= ∅ and, in that case, what can be said on pi∗(R). These questions turn
out to be, in general, highly sensitive to the value of n. When n = 2, we obviously know that
R 6= ∅ ⇒M ' S2 (a topological sphere) and it is a theorem due to H. Weyl [55] that R is
path-connected (for any metric can be linked, via a conformal path, to a round representa-
tive), while much later J. Rosenberg and S. Stolz proved that R is actually contractible [43].
When n = 3 we know (cf. work by Gromov-Lawson [18], Schoen-Yau [45, 46, 48], Perel-
man [40–42]) that R is not empty only if M takes the form of a (finite) connected sum
S3/Γ1# . . .#S
3/Γp#S
2 × S1#qS2 × S1; in each of these cases it was proven by F. Coda´
Marques [34] that the moduli space R/D is path-connected. We will say more on this re-
sult, which plays a fundamental role in our work, in the next section when providing an
outline of the proofs of our main theorems. When n ≥ 4 the scenario in front of us is rather
different, and to some extent still far from being fully understood. A remarkable classifi-
cation result for simply connected compact manifolds, of dimension at least five, admitting
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a positive scalar curvature metric was proven by S. Stolz in 1992, see [49]. Concerning the
path-connectedness issue, we mention a few landmark results:
• in 1974 N. Hitchin [22] proved, via spinorial methods, that R(S8k) and R(S8k+1) are
disconnected for all k ≥ 1;
• in 1983 M. Gromov and H. Lawson [16] proved that R(S7) has infinitely many con-
nected components;
• in 1988 R. Carr [9] proved that the space R(S4k−1) has infinitely many connected
components for all k ≥ 2;
• in 1993 M. Kreck and S. Stolz [27] proved that the moduli space R(S4k−1)/D(S4k−1)
has infinitely many connected components for all k ≥ 2;
• in 1996 B. Botvinnik and P. Gilkey [4] proved that this property of the moduli space
R(Mn)/D(Mn) holds true whenever M is a nontrivial spherical space quotient of
dimension greater or equal than five (thereby providing, in particular, examples that
have dimension exactly equal to 5);
• in 2014 B. Hanke, T. Schick and W. Steimle [20] constructed, among other things,
elements of infinite order in pik(R(Mn), g0) for any k ∈ N and correspondingly large
dimension n (see Theorem 1.1 therein for a precise statement).
For other recent, significant contributions related to these problems the reader may wish to
consult e. g. [3, 5, 11, 51,53] among others.
1.2. Related results for manifolds with boundary. As it has been anticipated above,
much less is known for the corresponding questions in the setting of compact manifolds with
boundary. In fact, some of the techniques that lie behind most of the results mentioned
in the previous section do not have a straightforward extension to settings where boundary
conditions come into play. Besides the n = 2 case, which can be dealt with ‘classical’ tools,
the territory is still partly unexplored. That being said, there are some notable exceptions
to this statement.
The first one we wish to mention is provided by a beautiful paper [1] by A. Ache´, D. Max-
imo and H. Wu, where it is proven that the space C of metrics of positive Ricci curvature and
convex boundary on a compact 3-manifold (necessarily a 3-disk by [35]) is path-connected.
From there, they further derive that the corresponding moduli space (i. e. the quotient
modulo orientation-preserving diffeomorphisms of the 3-disk) is actually contractible.
The strategy behind their proof, which was highly inspirational to us, can be summarized
as follows. Given a metric g0 ∈ C, one first constructs an isotopy through metrics of positive
Ricci curvature and weakly convex boundary connecting it to a metric g1 for which the
boundary is totally geodesic (in fact a metric that can be smoothly symmetrized so to
obtain a closed Riemannian manifold of positive Ricci curvature). Then, as a second step,
one employs Hamilton’s (normalized) Ricci flow to obtain an isotopy connecting g1 to a
round hemispherical metric. One then only needs to slightly perturb the concatenated path
to accomodate the (strict) boundary convexity requirement without decreasing the Ricci
curvature too much.
Now, as we shall describe in the next section, this conceptual scheme also lies behind the
proof of our Theorem 1.2, although serious technical obstacles appear both in the first and in
the second part of the argument, preventing any attempt of cheap extensions of the results
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in [1] to the setting we are considering. In the first part of the argument, we need to design
a completely different symmetrization scheme, as the one presented in [1] (which in turn
relies on an idea described by G. Perelman in [39], and worked out in detail in the Ph.D.
thesis of H.-H. Wang, cf. [54]) does not preserve the curvature conditions we deal with. In
the second part of the argument, we cannot simply rely on the work by Hamilton, but need
to work with the Ricci flow with surgery, and keep track (in a careful fashion) of the various
pieces that originate when we cut along necks. This issue needs, to be properly dealt with,
an array of specific tools that we will list when describing the general structure of our proof.
A second notable contribution to the subject is instead provided by the article by M.
Walsh [53], which deals with the same interior curvature conditions we are concerned with
(positive scalar curvature) but with somewhat different boundary conditions, of collar type.
In that setting, the author extended to compact manifolds with boundary various founda-
tional results, such as certain surgery results a` la Gromov-Lawson. Thereby, he was able to
derive deep conclusions on various finer aspects of the topology of these spaces of metrics,
including information on their homotopy groups. We refer the reader to Section 1.1 therein
for the statements of the main results, see in particular Corollary D. Thirdly, we mention the
recent paper [6] by B. Botvinnik and D. Kazaras, aimed at investigating bordism problems
for space of positive scalar curvature metrics on compact manifolds with boundary.
1.3. Outline of the proofs. We shall now provide a more detailed, yet non-technical de-
scription of the proof of our main results. This description can also be regarded as a short
guided tour through the contents of this article.
The starting point for our project was an enlightening observation by Gromov-Lawson
(see Theorem 5.7 in [17]), who first pointed out that if a compact manifold with boundary
supports metrics of positive scalar curvature and (strictly) mean-convex boundary then its
double can always be endowed with a metric of positive scalar curvature. In particular, this
fact allows to reduce the first question we considered to a purely topological matter, i. e. to
the problem of chacterizing those compact manifolds X whose double takes the form of a
finite connected sum of handles and spherical space forms (cf. Section 1.1). To our surprise,
such a result seems not to be in the literature, so we provided a detailed proof in Section
2. On the other hand, we wish to mention here two aspects which might alert the reader
and indicate, at least in some vague sense, some of the subtleties that arise in aiming at
such a characterization. First: in general the map X 7→ DX = M , that associates to a
compact manifold with boundary its double (an element of the list provided above) is highly
non-injective. For instance, if M ' S2 × S1 then X could either take the form S2 × I or
D2×S1, and of course this phenomenon manifests itself in greater complexity when dealing
with the general case. Second: we wish to stress something that follows from the statement
of Theorem 1.1, namely that the condition that M 6= ∅ does not place any restriction on
the topological type of ∂X. This is discussed in the following remark.
Remark 1.3. Considering the round metric on S3 we know, by virtue of Lawson’s construc-
tion in [30], the existence of minimal surfaces of any given genus γ; any such surface is
obviously unstable hence one can consider a positive speed deformation by means of the
first eigenfunction of the Jacobi operator so to determine a smooth subdomain of the am-
bient manifold whose boundary is (strictly) mean-convex. Hence, a Riemannian compact
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3-manifold (X3, g) whose boundary is the disjoint union of closed surfaces of pre-assigned
genera can be obtained from those building blocks by means of Gromov-Lawson connected
sums. In particular, this observation allows to justify the second assertion in Theorem 1.1.
From there, we started to wonder whether this Gromov-Lawson construction could be
implemented in such a way that a whole isotopy (i. e. a continuous path of metrics) could
be derived. More concretely, the very first step in the proof of Theorem 1.2 is to deform a
given metric to a ‘symmetrizable’ one, moving through metrics os positive scalar curvature
and weakly mean-convex boundary (from there one can further deform, a posteriori, to gain
the strict inequality, cf. Appendix C). The core statement we prove is as follows:
Proposition 1.4. Let X3 be a connected, orientable, compact manifold with boundary, en-
dowed with a Riemannian metric g ∈ M. Then there exists a continuous path of smooth
metrics on X3, µ ∈ [0, 1] 7→ gµ ∈ MR>0,H≥0, such that g0 = g and g1 has totally geodesic
boundary. (X3, g1) doubles to a smooth Riemannian manifold of positive scalar curvature.
In [17] the double of X endowed with a positive scalar curvature metric was essentially
obtained by considering the boundary of the -neighborhood of X ′ ∼= X ′ × {0} ⊂ X × R
where X ′ ⊂ X is obtained via a small inward deformation of ∂X. Such a double does not
inherit a smooth Riemannian metric in general but, as it was observed, there are various ways
of smoothening the double keeping the scalar curvature positive. Since we are interested in
obtaining an isotopy it is instead crucial for our scopes to precisely design a special smoothing
scheme and to work out the details with great care. Our desingularization crucially exploits
some well-known work by P. Miao, related to non-smooth versions of the positive mass
theorem [36]. Our situation is somewhat different, and perhaps more favorable, than the one
handled there: the two interfaces match at C1-level (rather than C0 with the appropriate
inequality for the mean curvature) so we can actually simplify the argument and avoid some
delicate issues that arise there. On other hand, the fact that a desingularization scheme can
be designed so that not only the scalar curvature is kept positive, but also all the leaves of
a suitable foliation do not cease to be mean-convex is quite remarkable (and crucial in the
context of our work). This part of the proof is presented in Section 3, see also Appendix A
for a conformal deformation lemma we need to employ.
The net outcome of this first step is then a Riemannian 3-manifold than can be smoothly
symmetrized, along the totally geodesic boundary, to a closed one endowed with a metric of
positive scalar curvature: Thereby, we are led to work with objects that we shall call reflexive
n-manifolds. We refer the reader to Section 4.1 for the basic definitions, that (although rather
technical) naturally encode the properties of the geometric objects coming out of the above
construction.
The core of our proof is then aimed at obtaining an equivariant isotopy, which one can then
restrict to, say, the ‘upper-half of the doubled manifold’ to ultimately prove Theorem 1.2.
To formalize and specify this idea, we define the notion of reflexive isotopy (cf. Definition
4.10). In those terms, we aim at constructing a reflexive isotopy of classes connecting the
reflexive manifold produced above by symmetrization to a ‘standard’ endpoint (say, in the
case when X is the 3-disk, the equivalence class of a suitable spherical cap) in M/D.
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The way this goal is achieved resembles, in general terms, the structure of the argument
presented in [34] modulo the fact that some substantial changes are needed to perform
all operations in order for the plan to be successfully implemented. Let us first outline the
argument in the special case of the three-dimensional disk D3 and later we will describe some
of the complications that arise when handling a compact 3-manifold that can be presented
as a connected sum as described in Theorem 1.1.
Thus, one considers a triple (M0, g0, f0) as the initial data to run an equivariant version of
the Ricci flow with surgery (cf. [12]). Since the scalar curvature of g0 is positive, we know that
the flow will become extinct in finite time, and after finitely many surgeries. If no surgeries
occur we know that the Ricci flow smoothly connects the initial data to some reflexive triple,
say (M0, gt∗ , f0), with M0 connected by virtue of our initial assumption, that is covered by
(equivariant) canonical neighborhoods (as defined by Perelman [42], cf. Morgan-Tian [38]
and Kleiner-Lott [26]). Thereby we show, by means of a delicate covering argument and
dividing into cases depending on the way the set of fixed points Fix(f0) intersects the -
necks that belong to the covering of the Riemannian manifold in question, and the type of the
(C, )-caps we employ, that (M0, gt∗) can always be split via equivariant surgery into pieces
each of which can be smoothly isotoped to a round sphere. Each piece resulting from the
decomposition is isotoped either via the (smooth, non-surgical) Ricci flow, or via a conformal
deformation. For the latter case, we need to discuss the equivariance property of Kuiper’s
developing map, see Section 4.2. This part of the proof is presented in Section 5.1.
Hence, in order to deal with the general case (when surgeries are performed to extend
the flow), the proof proceeds via two inductive arguments. First, as the key preparatory
step, in Section 5.2 we deal with the case of reflexive triples that are actually obtained by
(equivariant) Gromov-Lawson connected sums of pieces that are known to be (separately)
isotopic to the standard round sphere. In order to do that, we first need to list, in our specific
context, the possible types of Gromov-Lawson equivariant connected sum operations (which
in turn connects to the classification of equivariant -necks). Thereby, once this inductive
step is done, in Section 5.3 we employ a certain reconstruction lemma, see Lemma 4.33 for a
precise statement, to design a second inductive argument, going backward in time in the Ricci
flow evolution, to derive from an isotopy at time (say) ti + η an isotopy at the pre-surgery
time ti − η, till we finally reduce to the time interval [t0, t1) where the evolution is smooth
and unaffected by surgeries. To fix the ideas, it is helpful to consider the case when the Ricci
flow with surgery occurs with exactly one surgery time 0 < t1 < ∞. The reconstruction
lemma ensures that the pre-surgical scenario (at time, say, t1 − δ) can be reproduced (in
the sense of an isotopy of smooth metrics) by taking Gromov-Lawson connected sums of the
pieces arising when performing the surgery procedure. Since t2 is the (finite) extinction time
for the flow, we know that each such piece will come, by the inductive basis (as explained
above), with an isotopy to a round metric), hence using the information provided by the
whole space-time track of the Ricci flow, we can merge these pieces together and the invoke
the first inductive scheme to get a global isotopy.
Now, in extending this result from the case of the disk to the case of general 3-manifolds
with boundary as in Theorem 1.1, the main obstacle is probably to find an appropriate
replacement for the round metric, more precisely to associate to our initial manifold X a
CONSTRAINED DEFORMATIONS OF PSC METRICS 9
model triple (M, g, f), with M = DX, that represents the natural endpoint of the isotopy
we wish to construct. The procedure to construct such triples is decribed in Section 5.4.
Roughly speaking, we start with a central sphere and then perform a series of operations
(that are bijectively associated to the various pieces in the decomposition of X), which are
essentially equivariant connected sums of various types. An interesting feature, though, is
that our model metrics also exhibit iterated necks, namely (degree two) chains of equivariant
necks, built at two different scales, one on top of the other. In fact, an important point
of our discussion is then to prove that no higher-order chains of necks are needed or, in
other words, that higher-order chains of necks can always isotoped to simpler models. The
isotopies we need to build are (due to the equivariance requirements) subject to additional
requirements compared to [34], thus these missing degrees of freedoms force the models to
be more complicated. The reader might have a look at Figure 6 and Figure 7 to get a feeling
for the sort of issues we face. The final result we obtain is as follows:
Proposition 1.5. Let (M, g, f) be a connected reflexive 3-manifold of positive scalar cur-
vature. Then there exists a reflexive isotopy of classes, through metrics of positive scalar
curvature, whose endpoint is a model triple.
1.4. Other path-connectedness results. We now mention other similar results the reader
will find in this article. First of all, in Section 2 we also prove topological characterization
theorems for those moduli spaces of metrics that are obtained by weakening either of our
geometric inequalities. More specifically, we obtain the same conclusion as in Theorem 1.1
for the spacesMR>0,H≥0 (Riemannian metrics on X that have positive scalar curvature and
weakly mean-convex boundary), and MR≥0,H>0 (Riemannian metrics on X that have non-
negative scalar curvature and strictly mean-convex boundary). As can be easily inferred
going back to the n = 2 case, the analysis of the larger space MR≥0,H≥0 (Riemannian
metrics on X that have non-negative scalar curvature and weakly mean-convex boundary)
is somewhat more delicate. In fact, with that goal in mind, we first prove a rigidity theorem
singling out the borderline case (see Proposition 2.5), which may be regarded as the analogue,
for manifolds with boundary, of a well-known theorem due to J.-P. Bourguignon (cf. [25]).
Thereby, we derive Corollary 2.6, that might be an equivalence statement of independent
interest, and, as a result, Corollary 2.7. Lastly, a version of Theorem 1.2 for such moduli
spaces is given in Section 5.6, see in particular the statement of Theorem 5.16: the analogy
with the treatment ofMR>0,H>0 works smoothly unless we have X3 ' S1×S1× I, in which
case the larger moduli spaceMR≥0,H≥0, consisting of one point, is obviously path-connected.
The important case when the deal with minimal boundaries is harder, and we present it
separately in Section 6. Since Proposition 1.5 really provides a path through totally geodesic
(hence minimal) boundaries, the real challenge consists in providing a suitable version of
Proposition 1.4.
1.5. Applications and perspectives. Besides their intrinsic significance, our main results
(as well as some of the techniques we develop) have, by virtue of a well-known inversion
argument via the Green function for the conformal Laplacian (cf. Schoen’s solution of the
Yamabe problem [31,44]) direct implications on the geometry of asymptotically flat spaces.
In particular, one can derive path-connectedness results for various classes of time-symmetric
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(or, more generally, maximal) initial data sets for the Einstein field equations under the so-
called dominant energy condition. Roughly speaking, in that context the presence of a
minimal boundary is related to the description of black-hole solutions, namely to the trace
of the event horizon on the spacelike slice in question (cf. [7,8,23]). Such applications, which
in substance are direct corollaries of the main theorem we obtain here in Section 6, will be
given elsewhere. In addition, our path-connectedness statements might, at least in principle,
allow to obtain existence theorems (in particular, solvability results for partial differential
equations) via the so-called method of continuity (see e. g. [2, 47] for some remarkable,
illustrative instances). This might be most likely when X3 ' D3, in which case the endpoint
metric (corresponding to a spherical cap) is particularly simple and well-understood.
1.6. Notation and conventions. For the convenience of the reader, we list here some
conventions and notational principles we shall adopt throughout this article:
• the manifolds we deal with are always assumed to be smooth (i. e. C∞), as are their
boundaries (if any);
• diffemorphisms between manifolds are assumed to be smooth and we shall write
X1 ' X2 to mean that X1 and X2 are diffeomorphic;
• all metrics are Riemannian and smooth, and the space of metrics on a given (compact)
manifold, and all subsets thereof, are endowed with the corresponding topology;
• given a Riemannian metric g we let dg denote the corresponding distance, and by
writing Br(p) we mean the metric ball of center p and radius r;
• all submanifolds we deal with are embedded, and closed unless explicitly stated oth-
erwise; in our applications they are always two-sided and orientable;
• we allow both ambient manifolds and submanifolds thereof to be disconnected; in
particular this remark applies to reflexive manifolds, as per Definition 4.3;
• concerning the mean curvature, we adopt the following convention: the unit sphere
in R3 has mean curvature equal to 2; a domain is mean-convex if it has positive mean
curvature, thus if an outward deformation with unit speed increases area; we shall
say that a manifold is weakly mean-convex if it has non-negative mean curvature.
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2. Topological characterization theorems
2.1. Proof of Theorem 1.1. By virtue of Theorem 5.7 in [17], Theorem 1.1 follows once we
describe all the diffeomorphism types of manifolds with boundary X, such that the doubling
DX = M is a closed 3-manifold which supports metrics of positive scalar curvature. We
prove the following topological statement:
Theorem 2.1. Suppose X is a 3-manifold with boundary, such that:
M ' DX ' S3/Γ1# · · ·#S3/Γp#
(
#qi=1(S
2 × S1)) .
Then there exists A,B,C,D ≥ 0, such that:
X ' Pγ1# · · ·#PγA#S3/Γ1# · · ·#S3/ΓB#
(
#Ci=1(S
2 × S1)) \ (unionsqDi=1B3i ).
Here: Pγi, i ≤ A, are genus γi handlebodies; Γi, i ≤ B, are finite subgroups of SO(4) acting
freely on S3; B3i , i ≤ D, are disjoint 3-balls in the interior.
Before embarking in the proof of Theorem 2.1, we present a collection of remarks illus-
trating the correspondence between X and DX in terms of the various constants A,B,C,D
and p, q appearing in the statement.
Remark 2.2. Following the usual convention in 3-manifold topology, the unit element for
connected sum of prime 3-manifolds is S3. As a result, when A = 0, B = 0 or C = 0, we
are just taking S3 in place of Pγ1# · · ·#PγA , S3/Γ1# · · ·#S3/ΓA or #Bi=1(S2 × S1). Since
we assume that ∂X 6= ∅, at least one of the inequalities A ≥ 1 and D ≥ 1 must hold.
Example 2.3. There are two diffeomorphism types of X such that DX ' S2×S1: X1 ' D2×
S1, or X2 ' S2×[0, 1]. In the first case X1 ' P1 (a genus one handlebody), which corresponds
to (A,B,C,D) = (1, 0, 0, 0) and γ1 = 1, while in the second case X2 ' S3 \ (B31 unionsq B32),
which corresponds to (A,B,C,D) = (0, 0, 0, 2). This example shows, in particular, that
DX1 ' DX2 does not imply X1 ' X2.
Remark 2.4. We now discuss the doubling of a general compact 3-manifold X of the form
X = Pγ1# · · ·#PγA#S3/Γ1# · · ·#S3/ΓB#
(
#Ci=1(S
2 × S1)) \ (unionsqDi=1B3i ).
The doubling M = DX has a unique connected sum decomposition into prime components.
In this decomposition, each spherical space form S3/Γi, i = 1, · · · , B appears twice, as is
the case for the components #Ci=1(S
2 × S1). For each γi > 0, the component Pγi becomes
#γii=1(S
2 × S1). If A > 1, the doubling of Pγ1# · · ·#PγA is diffeomorphic to the connected
sum of (#γ1i=1S
2×S1)# · · ·#(#γAi=1S2×S1), with additional A− 1 handles attached. Adding
these extra handles is equivalent to a connected sum with #A−1i=1 S
2 × S1.
Let us now consider the contribution of removing interior 3-balls in performing the dou-
bling. In general, let Z be a 3-manifold. If ∂Z = ∅, then the doubling D(Z \B3) is equal to
the connected sum Z#Z. If instead ∂Z 6= ∅, then the doubling D(Z \ B3) is diffeomorphic
to DZ with a handle attached, namely D(Z \B3) = DZ#(S2 × S1).
Therefore, putting all these facts together we get
M = DX ' (S3/Γ1#S3/Γ1)# · · ·#(S3/ΓB#S3/ΓB)#
(
#Ei=1(S
2 × S1)) ,
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where
E =
{∑A
i=1 γi + A+ 2C +D − 1 A > 0,
2C +D − 1 A = 0.
We thus conclude that, in either case,
E =
A∑
i=1
γi + A+ 2C +D − 1,
with the convention that if A = 0, then γi = 0.
Proof of Theorem 2.1. Assume X is a 3-manifold with boundary such that
M = DX ' S3/Γ1# · · ·#S3/Γp#
(
#qi=1(S
2 × S1)) .
The idea behind the proof is to compress as many S1 ⊂ ∂X as possible, and keep track of
the topological change of M = DX when performing a compression. Let us first recall some
classical results in 3-manifolds topology needed for our purpose. For a standard reference the
reader may consult the first two chapters of [24]. Assume Σ2 ⊂ M3 is a closed surface, and
Σ 6' S2. We call Σ a compressible surface, if there is a disk D in M , such that ∂D ⊂ Σ does
not bound a disk inside Σ. Otherwise, Σ is called incompressible. By the Loop Theorem,
if Σ
ι−→ M is two-sided, and Σ is not a sphere, then it is incompressible if and only if
ι∗ : pi1(Σ) → pi1(M) is injective. Note that if Σ is a component of ∂X, then Σ ⊂ DX = M
is a two-sided surface.
We start by considering the case when every component of ∂X is diffeomorphic to S2.
In this case, let Y be the closed 3-manifold obtained by gluing a copy of B3 onto each
component of ∂X. By the discussion presented in Remark 2.4, we have that
M = DX ' Y#Y# (#D−1i=1 (S2 × S1)) ,
where D is the number of connected components of ∂X. Hence
Y#Y#
(
#D−1i=1 (S
2 × S1)) ' S3/Γ1# · · ·#S3/Γp# (#qi=1(S2 × S1)) .
Since the prime decomposition of any closed 3-manifold is unique (by Milnor [37]), we con-
clude that Y can only be a connected sum of spherical space forms and S2×S1’s. Therefore,
we have, for suitable B,C ≥ 0,
X = Y \ (unionsqDi=1B3i ) ' S3/Γ1# · · ·#S3/ΓB# (#Ci=1(S2 × S1)) \ (unionsqDi=1B3i ).
Let us now proceed to the case when some connected component ∂X is not an S2. Suppose
Σ2 is a component of ∂X, and Σ 6' S2. We first verify that Σ is compressible. Suppose
otherwise, that Σ ⊂ X is incompressible. Then the embedding ι1 : Σ → X induces an
injection of the fundamental groups. The embedding ι2 : X → M and the projection
pi : M → X compose to the identity map. It follows that their induced homomorphisms
pi1(X)
(ι2)∗−−→ pi1(M) pi∗−→ pi1(X)
compose to the identity map on pi1(X). In particular, the map (ι2)∗ is injective. It follows
that the composition
pi1(Σ)
(ι1)∗−−→ pi1(X) (ι2)∗−−→ pi1(M)
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is also injective. We therefore conclude that Σ is an incompressible surface in M . However,
since M can be equipped with a metric of positive scalar curvature, by [46], M cannot
contain any two-sided incompressible surface that is not diffeomorphic to S2, contradiction.
Therefore, let Σ ⊂ ∂X be a compressible surface that is not diffeomorphic to S2. Then,
there is a simple closed curve Γ on Σ that bounds an embedded disk D in X. Such a disk
D is a locally separating surface in a normal neighborhood ND ⊂ X, and there exists a
diffeomorphism ϕ : D × [−, ]→ ND.
To proceed, we cut the manifold X along D, so that we will have two induced diffeomor-
phisms ϕ+ : D× [0, ]→ N+ D and ϕ− : D× [0, ]→ N− D with disjoint image. If we denote
the resulting 3-manifold by Z, it is readily checked that DX = DZ#(S2×S1). Hence, from
our topological assumption on DX, we have that
DZ ' S3/Γ1# · · ·#S3/Γp#
(
#q−1i=1 (S
2 × S1)) .
We then proceed to consider the manifold Z instead of X, and perform a compression on Z
whenever there is a connected component of ∂Z is not diffeomorphic to S2. However, this
operation can only be performed finitely many times, as each time the double of the manifold
loses an S2×S1 factor in the prime decomposition. Therefore, after performing finitely many
compressions on the boundary, the 3-manifold Z0 only have S
2 boundary components. Hence
Z0 ' S3/Γ1# · · ·#S3/ΓB#
(
#Ci=1(S
2 × S1)) \ (unionsqDi=1B3i ),
for some B,C ≥ 0, D > 0.
Notice that X is obtained from Z0 by taking finitely many boundary connected sums of
Z0 with D
2 × [0, 1]. However, for any γ ≥ 1, the boundary connected sum
(S3 \B3) #∂(D2 × [0, 1])#∂ · · ·#∂(D2 × [0, 1])︸ ︷︷ ︸
γ times
is diffeomorphic to a genus γ handlebody. Thereby, reconstructing X backwards from Z0 we
conclude the proof of Theorem 2.1. 
2.2. Rigidity versus deformability. In adapting the discussion above to derive corre-
sponding results for the larger spaces MR>0,H≥0,MR≥0,H>0 and MR≥0,H≥0 (the last one
with an important caveat) we shall need the following trichotomy result.
Proposition 2.5. Let (X3, g) be a connected, orientable, compact Riemannian manifold,
such that the scalar curvature of g is everywhere zero, and each boundary component is a
minimal surface with respect to g. Then:
i) If Ricg is not identically zero, then there is a small (isotopic) smooth perturbation g
′
of g, such that g′ has everywhere positive scalar curvature, and ∂X is minimal with
respect to g′;
ii) If Ricg is everywhere zero, and ∂X is not totally geodesic with respect to g, then there
is a small (isotopic) smooth perturbation g′ of g, such that the scalar curvature of g′
is everywhere zero and every connected component of ∂X that is not totally geodesic
becomes strictly mean-convex with respect to the outward unit normal vector field in
g′ (while the other ones are kept totally geodesic);
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iii) If Ricg is everywhere zero, and all the components of ∂X are totally geodesic, then
there exists a compact interval I ⊂ R such that (X, g) is isometric to S1 × S1 × I
equipped with a flat metric.
Proof. Suppose the assumptions of i) are satisfied. Then Ricg 6= 0 in some small geodesic
ball U = Br(p) in the interior of M . Take a cutoff function ϕ supported in U , such that
0 ≤ ϕ ≤ 1 and ϕ = 1 in Br/2(p). Define, for small t ∈ (−, ), the metrics
gt = g + tϕRicg.
Then the scalar curvature Rgt satisfies
(2.1)
d
dt
∣∣∣∣
t=0
Rgt = −∆g(ϕRg) + divg divg(ϕRicg)− ϕ|Ricg|2.
Keeping in mind equation (B.1) for the conformal change of scalar curvature, specified for
n = 3, we consider the elliptic eigenvalue problems
λ1(t) = inf
{∫
X
(|∇gtu|2 + 18Rgtu2) dV olgt∫
X
u2dV olgt
: u ∈ H1(X) \ {0}
}
.
By standard elliptic theory, the value λ1(t) is well-defined, and there exists a smooth first
eigenfunction ut solving the Neumann boundary value problem{
∆gtut − 18Rgtut = −λ1(t)ut in X,
∂ut
∂ν
= 0 on ∂X.
Without loss of generality, assume that ut > 0 and ‖ut‖L2(X,gt) = 1 (this is the standard
normalization condition we have stipulated in Appendix A). Then the map t ∈ (−, ) 7→
λ1(t) is smooth, and so is the map t ∈ (−, ) 7→ ut as a map into (say) C2(X), see Lemma
A.1. Since Rg0 = Rg = 0 we notice that λ1(0) = 0 and u0 is a constant (in fact, by our
normalization, u20 = V ol
−1
g (X)). As a result, one can further observe that
λ′1(0) =
d
dt
∣∣∣∣
t=0
∫
X
(
|∇gtut|2 +
1
8
Rgtu
2
t
)
dV olgt
=
1
V olg(X)
∫
X
(
1
8
d
dt
∣∣∣∣
t=0
Rgt
)
dV olg
= − 1
V olg(X)
∫
X
1
8
ϕ|Ricg|2dV olg < 0
(2.2)
where in the last step we have used (2.1), the divergence theorem on X, and the fact that ϕ is
compactly supported away from ∂X. As a result, we conclude that λ1(t) > 0 for t ∈ (−, 0).
Then the metric g′t = u
4/(n−2)
t gt is a small smooth perturbation of g such that R(g
′
t) > 0
everywhere in the interior of X, and ∂X is minimal with respect to g′t (thanks to equation
(B.2) since gt = g near ∂X, and ∂νut = 0). This completes the discussion of part i).
We then proceed to prove part ii). Assume that Ricg = 0 in X, and that some boundary
component Σ ⊂ ∂X is not totally geodesic. Let gΣ denote the induced metric on Σ. Let
ν denote, as usual, the outward-pointing unit normal vector field of Σ (with respect to the
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ambient metric g). For any smooth positive function f on Σ, we shall define the surface
Σ(f) = {expx(−f(x)ν(x)) : x ∈ Σ}. Let then H(f)(x) denote the mean curvature of Σ(f)
at the point expx(−f(x)ν(x)), taken with respect to outward-pointing unit normal vector
fields (where Σ(f) is regarded as one boundary component of the domain disjoint from Σ).
Then H(0) = 0 on Σ, by assumption, and for a small parameter t ∈ [0, ) we have that
d
dt
∣∣∣∣
t=0
H(tf) = ∆gΣf + |AΣ|2f,
for AΣ the second fundamental form of Σ ⊂ X. Since |AΣ| is not identically zero, Σ is an
unstable minimal surface and thus we can deform it inward choosing f to be the first Jacobi
eigenfunction, thereby obtaining surfaces Σ(tf) that are (strictly) mean-convex, for t small
enough. Also, there is a natural diffeomorphism φt : X → Xt, where Xt is the (codimension
zero) submanifold of X having the boundary component Σ replaced by Σ(tf). We therefore
observe that the metric on X given by gt = φ
∗
t (g) is scalar-flat, and that in (X, gt) the
boundary component Σ is strictly mean-convex. This concludes the proof of part ii).
Finally we study the case iii). Assume that the manifold (X3, g) is Ricci flat with totally
geodesic boundary. Since X has dimension three, the condition Ricg = 0 implies that all
sectional curvatures of g must vanish, hence g is a flat metric. By the Gauss equation, we
further conclude that each component of ∂X is intrinsically flat as well, thus is isometric to
a flat torus S1 × S1. Let then DX denote, as usual, the doubling of X across its boundary.
It follows from the previous assertions that the doubled metric, also denoted by g, is smooth
and flat. As a result, (DX, g) is isometric to a flat three-torus, its universal cover is Euclidean
R3 and we have the (metric) identification DX = R3/Γ, where Γ is the group generated by
translations in three linearly independent vectors. Any connected component of the lift of
each boundary component of ∂X is a totally geodesic submanifold of the Euclidean space,
hence necessarily a plane. Since different components of ∂X are disjoint, their lifts in R3
are parallel planes. Since any two parallel planes in R3 bound a connected region, and X is
assumed to be connected, we conclude that there can only be two components in ∂X. This
implies that the lift of X is a slab in R3, and that X is isometric to a flat product of the
form S1 × S1 × I. 
Corollary 2.6. Let X3 be a connected, orientable, compact manifold with boundary. Then
the following three assertions are equivalent:
i) MR>0,H>0 6= ∅;
ii) MR>0,H≥0 6= ∅;
iii) MR≥0,H>0 6= ∅.
Furthermore, each of these conditions is equivalent to
iv) MR≥0,H≥0 6= ∅,
unless X3 ' S1 × S1 × I (in which case the space MR≥0,H≥0 only contains flat metrics,
making the boundary totally geodesic).
Proof. We employ some basic deformation results proved in Appendix C. More precisely,
the implication ii) ⇒ i) follows from Lemma C.1, while iii) ⇒ i) follows from Lemma C.3.
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Since the converse implications are trivial, this provides the equivalence of the conditions
i), ii), iii). Similarly, if X3 6' S1 × S1 × I the equivalence with condition iv) follows via
Proposition 2.5. Let us then justify the very last assertion, concerning the elements of
MR≥0,H≥0 in the case of S1×S1× I. If this set contained a metric that either is not (Ricci)
flat or does not make the boundary totally geodesic, then we could again invoke Proposition
2.5, possibly in combination with Lemma C.1 and Lemma C.3 to conclude the existence of
another metric, say g, belonging to the smaller space MR>0,H>0. At that stage, we could
construct a stable minimal torus in the interior of (X3, g), which is not possible due to the
fact that the positivity of the scalar curvature Rg forces any stable (two-sided) minimal
surface to a sphere. This contradiction proves our claim. 
Hence, we can derive a topological characterization theorem for any of the four spaces of
metrics listed above.
Corollary 2.7. Let X3 be a connected, orientable, compact manifold with boundary, such
that any of the following equivalent conditions i), ii), iii) holds true, or iv) under the addi-
tional requirement that X 6' S1×S1× I. Then there exist integers A,B,C,D ≥ 0, such that
X is diffeomorphic to a connected sum of the form
Pγ1# · · ·#PγA#S3/Γ1# · · ·#S3/ΓB#
(
#Ci=1(S
2 × S1)) \ (unionsqDi=1B3i ).
Here: Pγi, i ≤ A, are genus γi handlebodies; Γi, i ≤ B, are finite subgroups of SO(4) acting
freely on S3; B3i , i ≤ D, are disjoint 3-balls in the interior. Viceversa, any such manifold
supports Riemannian metrics of positive scalar curvature and mean-convex boundary.
3. Deforming the boundary to totally geodesic
In this section we prove Proposition 1.4. The path of metrics we wish to construct is
obtained via a suitable smoothing procedure, based on [36], of a doubling construction by
Gromov-Lawson (Theorem 5.7 in [17]), which we shall now revisit pointing out a (previously
unnoticed) fundamental feature.
3.1. Revisiting a construction by Gromov-Lawson. Given (X3, g) as in the statement
of Proposition 1.4, we consider 0 > 0 such that there exists a tubular neighborhood of
width 50 for ∂X ⊂ X and, in addition, all equidistant intermediate surfaces are themselves
(strictly) mean-convex. In particular, we define (for dg : X × X → R the Riemannian
distance associated to the metric g)
X ′ := {x ∈ X : dg(x, ∂X) ≥ 20} , X ′′ := {x ∈ X : dg(x, ∂X) ≥ 40} ,
and consider smooth diffeomorphisms (defined via the exponential map restricted to the
normal bundle of ∂X) ψ′ : X → X ′ and ψ′′ : X → X ′′, as well as corresponding homotopies
Ψ′ : X × [0, 1]→ X, Ψ′0 = idX Ψ′1 = ψ′
Ψ′′ : X × [0, 1]→ X, Ψ′′0 = idX Ψ′′1 = ψ′′.
We define X ′t := Ψ
′
t(X) (resp. X
′′
t := Ψ
′′
t (X)) and denote by g
′
t (resp. g
′′
t ) the corresponding
Riemannian metrics, obtained by restrictions of g to these submanifolds.
The maps Ψ′t,Ψ
′′
t determine induced actions on metrics. In particular, we can consider
the continuous path of metrics (on our manifold X) given by (Ψ′′t )
∗g′′t = (Ψ
′′
t )
∗g. What
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we are about to do is then to produce a path of metrics on X ′′ connecting g′′ := g′′1 to a
suitable metric with positive scalar curvature and totally geodesic boundary, the whole path
happening (except for the endpoint) in the class of metrics with positive scalar curvature
and positive boundary mean curvature. We will then pull-back this path to X via ψ′′.
We introduce the smooth manifold M that is obtained by considering two copies of X
(which we shall denote by X+, X−), their subsets X ′+, X
′
− defined as above and identifying
corresponding points in the (half-)tubular sets U+ = X+ \ Int(X ′+), U− = X− \ Int(X ′−) in
the following fashion: for x′ ∈ ∂X ′ and u ∈ [0, 20] a point expx′(uν ′(x′)) ∈ U+ is identified
with the point expx′((20 − u)ν ′(x′)) ∈ U−.
For notational convenience, we let M+ (respectively M−) denote the image of X+ (re-
spectively X−) in the quotient M . Similarly, we write M ′+,M
′′
+ (respectively M
′
−,M
′′
−) for
the image of X ′+, X
′′
+ (respectively X
′
−, X
′′
−) in M . We further let u+ : M+ \ Int(M ′′+) → R
denote the signed distance from ∂M ′+ with the agreement that such distance is positive on
M+ \M ′+, and similarly for u−. For any u ∈ [−20, 20] we agree that S+u (respectively S−u )
is the set of points in M+ (respectively in M−) at signed distance u from ∂M ′+ (respectively
from ∂M ′−), namely the level set u
−1
+ (u) (respectively u
−1
− (u)).
We endow this smooth manifold with a (non-smooth) Riemannian metric gM = gM() by
identifying it (as in Theorem 5.7 of [17]) with the set
T(X
′) =
{
(x, h) ∈ X × R : dX×R((x, h), X ′ × {0}) = } ,
for  ∈ (0, 0].
For later reference, we define the bijection Ξ : M → T(X ′) ⊂ X × R as follows. Let
f1 : [0, 20]→ [0, ] and f2 : [0, 20]→ [−, ] be smooth functions such that
f 21 + f
2
2 = 
2, f1(20 − u) = f1(u), f2(20 − u) = −f2(u)
and
f1(u) =
{
u if u ∈ [0, /2]
 sin
(
piu
20
)
if u ∈ [0 − /2, 0].
This definition is well-posed provided  is small enough, with respect to 0. Then, we
define Ξ by requiring that it identifies M ′+ (respectively M
′
−) with X
′ × {+} (respectively
with X ′ × {−}) and for u ∈ [0, 20] that it maps the points of S+u (respectively S−u ) to
corresponding points at height f2(u) (respectively −f2(u)) in T(X ′), in the obvious way
determined by the tubular neighborhood structure. It is straightforward to check that the
map Ξ : M → T(X ′) is C1, hence the metric gM is C0, and clearly smooth away from the
interfaces S+0 and S
−
0 .
Remark 3.1. We observe that the interface S+0 is given the same second fundamental form
(with respect to the same unit normal to such interface) when regarded as the boundary of
the two domains M ′+ and M \M ′+. (For instance, we can take the outward-pointing normal
to M ′+, which is inward-pointing with respect to M \M ′+). As a result, the metric gM has a
well-defined first order expansion in Fermi coordinates for S+0 . Analogously for S
−
0 .
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We shall adapt the method presented by Miao in Section 3 of [36] to deal with the singu-
larity of the interfaces by means of a localized smoothing procedure, followed by a conformal
deformation based on the tools presented in Appendix A. Such modifications will be per-
formed so to preserve the two geometric properties stated in the following lemma.
Lemma 3.2. In the setting above, there exists 1 ∈ (0, 0) such that for all  ∈ (0, 1] the
metric gM() on M satisfies the following two properties:
i) the scalar curvature is positive on M \ {S+0 , S−0 };
ii) the mean curvature of S+u is positive for all u ∈ [−20, 0) and vanishes on the surface
S+0, which is totally geodesic.
Proof. Concerning the first claim, since (X, g) is assumed to have positive scalar curvature,
we only need to study the -tube T(∂X
′) consiting of the set of points X×R having distance
exactly equal to  from ∂X ′×{0}. We notice that this set is smooth for any  > 0 sufficiently
small. By a suitable version of the Gauss Lemma, we have that this set can be parametrized
as follows:
T(∂X
′) =
{
expx′((cos(θ)ν
′(x′) + sin(θ)ξ(x′))) : x′ ∈ ∂X ′, θ ∈ S1} ,
where we have denoted by ν ′(x′) the outward-pointing unit normal vector to ∂X ′ × {0} ⊂
X × {0} and by ξ(x′) the upward-pointing unit normal vector to X × {0} ⊂ X × R.
The geometry of tubes has been extensively studied, see the monograph [14] and references
therein. For our purposes we only need a very simple fact: in a convenient orthonormal frame
{E1, E2, E3} diagonalizing the second fundamental form of T(∂X ′), the principal curvatures
λ1, λ2, λ3 satisfy, in terms of the principal curvatures µ
′
1, µ
′
2 of ∂X
′, the estimate
(3.1) λi =
{
(µ′i +O()) cos(θ) if i = 1, 2
1/ if i = 3.
The Gauss equation, applied to the tube in question, gives
(3.2) RT(∂X
′) = RX×R − 2RicX×R(E0, E0) + 2(λ1λ2 + λ1λ3 + λ2λ3)
where RT(∂X
′) (resp. RX×R) denotes the scalar curvature of T(∂X ′) (resp. X × R) and
RicX×R the Ricci tensor of the ambient manifold, which is evaluated along the outward-
pointing unit normal vector E0. Now, Ric
X×R(E0, E0) = O(1) cos(θ), hence if we employ
(3.1) and in (3.2) and rearrange the terms we finally get
(3.3) RT(∂X
′) = RX×R + cos(θ)
[
2

(H ′ +O()) +O(1)
]
where H ′ = µ′1 + µ
′
2 is the mean curvature of ∂X
′. As a result, RT(∂X
′) is positive for any
sufficiently small  > 0 thanks to our assumptions that g ∈MR>0,H>0.
Let us then justify our second claim, concerning the positivity of the mean curvature of
S+u . Once again, it suffices to prove the claim for u ∈ [0, 0) where this is a statement about
the tube T(∂X
′) ⊂ X × R.
Thus, we need to study the mean curvature HZθ of the level sets Zθ ⊂ T(∂X ′) corre-
sponding to a fixed value of θ ∈ [0, pi/2]. Clearly, Z0 is totally geodesic, hence HZ0 = 0 and
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we will now show that (HZθ)′ > 0 for all θ ∈ (0, pi/4] provided we take  > 0 small enough
(independently of θ), which will then imply HZθ > 0 for this same range of values of the
angle. Relying on the second variation formula for the area functional and the Schoen-Yau
rearrangement trick, we have
(3.4)
1

(HZθ)′ =
1
2
(RT(∂X
′) −RZθ + |AZθ |2 + |HZθ |2) ≥ 1
2
(RT(∂X
′) −RZθ).
If we write down the Gauss equation for Zθ ⊂ X×{sin(θ)}, we find at once that the quantity
RZθ is uniformly bounded, as we let  vary in [0, 0]. As a result, if we plug-in (3.3) in (3.4) we
derive the claim. To complete the proof for [pi/4, pi/2], we observe that the mean curvature
vector of the surface ∂X ′ × {0} ⊂ X × R is horizontal, outward-pointing, and has length
bounded away from zero. The surface Zθ is a normal graph over ∂X
′ × {0} in X × R, thus
for  > 0 small enough the conclusion that HZθ > 0 at each point follows by continuity. 
3.2. Smoothening a` la Miao. Before stating the main result of this section, concerning
the existence of a family of regularizations of the metric g which preserve the two properties
stated in Lemma 3.2, let us introduce some additional notation.
First of all, we convene that the parameter  below is fixed, once and for all, based on
the statement of Lemma 3.2 (for instance we can take  = 1). Throughout this section, we
let the constant C to depend on such a choice of , and we are concerned about uniform
estimates in the parameter δ associated with the convolution we perform. Furthermore, for
the sake of notational convenience, we agree to write u, Su in lieu of u+, S
+
u respectively. It is
tacitly understood that the regularization procedure (which is, as we shall see, local near any
given interface) is implemented in the same way, symmetrically for both singular interfaces.
If we let t : M+ \ Int(M ′′+)→ R be the signed distance function from S0 = ∂M ′+ in metric
gM , with the agreement that t is positive when u is, then it follows from the very definition
of u (cf. Subsection 3.1) that in a neighborhood of the interface S0 we have
t(u) =
{
u if u ≤ 0
 arcsin(u/) if u ≥ 0.
This follows, via a standard argument, from the fact that each meridian circle of the tube
T(∂X
′) is a closed geodesic, hence the tube is completely foliated by such geodesics and
the length-minimizing path on (M, gM) connecting couples of points on any given meridian
circle is the shortest arc on such circle. Hence, we have that the metric gM takes (around
the interface S0) the form
g = c(u)du⊗ du+ a(u),
where
c(u) =
1 if u ≤ 0(1− (u

)2)−1/2
if u ≥ 0
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and a(u) denotes, for u ∈ [−20, /2], a continuous family of smooth Riemannian metrics on
S0. In particular, observe that for δ ∈ (0, 2) the following estimates hold:
(3.5)
{
1 ≤ c(u) ≤ 2
0 ≤ c′(u) ≤ 2 ∀u ∈ [−δ, δ], and supu∈[−δ,0)∪(0,δ] |c
′′(u)| ≤ 2/2.
Since [dt/du]u=0 = 1, recalling that the quantity
1
2
[
∂a
∂u
]
u=0
equals the second fundamental form of S0 in (M, g
M), Remark 3.1 implies that a(u) is in
fact a C1 path of metrics. As a result, the following two estimates hold for s1, s2 ∈ [−δ, δ]:
(3.6) ‖a(s1)− a(s2)‖Ck ≤ Lk|s1 − s2|
(3.7)
∥∥∥∥∂a∂u(s1)− ∂a∂u(s2)
∥∥∥∥
Ck
≤ ωk(|s1 − s2|)
where Lk := supu∈[−δ,δ] ‖∂a/∂u‖Ck and ωk : [0, 2δ] → R is a continuous, non-decreasing
function vanishing at s = 0 (the associated modulus of continuity). It is understood that all
norms of tensors are measured with respect to a given background metric on S0, which we
agree to be a(0).
We consider functions φ, ψ ∈ C∞c (R) taking values in [0, 1] and supported in (−1, 1), (−1/2, 1/2)
respectively, such that
∫
R φ(s) ds = 1 and ψ(u) = 1/Λ on the interval [−1/4, 1/4], for Λ a
large positive constant that is fixed once and for all throughout the argument. Given any
0 < δ < 2 we shall further set ψδ(s) = δ
2ψ(s/δ), and
(3.8) cδ(u) =
∫
R
c(u− ψδ(u)s)φ(s) ds, aδ(u) =
∫
R
a(u− ψδ(u)s)φ(s) ds
so that
(3.9)
cδ(u) =
{∫
R c(s)
(
1
ψδ(u)
φ
(
u−s
ψδ(u)
))
ds,
c(u)
aδ(u) =
{∫
R a(s)
(
1
ψδ(u)
φ
(
u−s
ψδ(u)
))
ds if ψδ(u) 6= 0
a(u) if ψδ(u) = 0.
and, in particular, for u ∈ [−δ/4, δ/4]
(3.10) cδ(u) =
∫
R
c(s)
(
Λ
δ2
φ
(
Λ(u− s)
δ2
))
ds, aδ(u) =
∫
R
a(s)
(
Λ
δ2
φ
(
Λ(u− s)
δ2
))
ds
to be interpreted as a localized fiberwise convolution. Distinguishing between u /∈ [−δ2, δ2],
in which case we rely on equation (3.8), and u ∈ [−δ/4, δ/4], in which case we rely on
equation (3.10), one checks at once that for any δ ∈ (0, 2) the function cδ is smooth, and aδ
is also a smooth path of smooth metrics on S0.
We further observe that the following two uniform estimates will hold true:
(3.11) ‖aδ(u)− a(u)‖Ck ≤ Lk
(
δ2
Λ
)
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(3.12)
∥∥∥∥∂aδ∂u (u)− ∂a∂u(u)
∥∥∥∥
Ck
≤ ω(δ2/Λ) + Lkδ‖ψ′‖C0
∫
R
|s|φ(s) ds.
The first one is justified by simply going back to the definition (3.8) and exploiting the
Minkowski inequality:
‖aδ(u)− a(u)‖Ck ≤
∥∥∥∥∫
R
(a(u− ψδ(u)s)− a(u))φ(s) ds
∥∥∥∥
Ck
≤
∫
R
‖a(u− ψδ(u)s)− a(u)‖Ckφ(s) ds ≤ Lk
(
δ2
Λ
)
where the last inequality relies on (3.6). Concerning the second inequality, we use the
Minkowski inequality again together with (3.7):∥∥∥∥∂aδ∂u − ∂a∂u
∥∥∥∥
Ck
=
∥∥∥∥∫
R
[
(1− ψ′δ(u)s)
∂a
∂u
(u− ψδ(u)s)− ∂a
∂u
(u)
]
φ(s) ds
∥∥∥∥
Ck
≤
∫
R
∥∥∥∥∂a∂u(u− ψδ(u)s)− ∂a∂u(u)
∥∥∥∥
Ck
φ(s) ds+
∫
R
‖ψ′δ(u)‖C0
∥∥∥∥∂a∂u(u− ψδ(u)s)
∥∥∥∥
Ck
|s|φ(s) ds
≤ ωk(δ2/Λ) + Lkδ‖ψ′‖C0
∫
R
|s|φ(s) ds.
Furthermore, we can conveniently compute the second derivative in u as follows:
∂2aδ
∂u2
=
∂
∂u
∫
{u≥0}
∂a
∂u
(u− ψδ(u)s)
(
1− δψ′
(u
δ
)
s
)
φ(s) ds
+
∂
∂u
∫
{u≤0}
∂a
∂u
(u− ψδ(u)s)
(
1− δψ′
(u
δ
)
s
)
φ(s) ds
which implies
∂2aδ
∂u2
=
∫
R
∂2a
∂u2
(u− ψδ(u)s)
(
1− δψ′
(u
δ
)
s
)2
φ(s) ds
+
∫
R
∂a
∂u
(u− ψδ(u)s)
(
−ψ′′
(u
δ
)
s
)
φ(s) ds.
By inspecting the various terms in this formula we can infer a uniform upper bound of the
form
(3.13) sup
u∈[−δ/2,δ/2]
∥∥∥∥∂2aδ∂u2
∥∥∥∥
C0
≤ ‖ψ′′‖C0 sup
u∈[−δ,δ]
∥∥∥∥∂a∂u
∥∥∥∥
C0
+ (1 + δ‖ψ′‖C0)2 sup
u∈[−δ,0)∪(0,δ]
∥∥∥∥∂2a∂u2
∥∥∥∥
C0
Analogously, the function cδ is smooth, equals c away from the interval [−δ/2, δ/2] (i. e.
c− cδ ∈ C∞c ((−δ/2, δ/2))) and the two following two properties hold:
(3.14) sup
u∈[−δ,δ]
(‖cδ − c‖+ ‖c′δ − c′‖)→ 0, as δ → 0
as well as, by (3.5),
(3.15) sup
u∈[−δ,δ]
‖c′′δ‖ ≤ 2‖ψ′′‖2C0 +
2
2
(1 + δ‖ψ′‖C0)2 uniformly for δ ∈ (0, 2).
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After collecting these estimates, we consider the smooth metrics given by
gMδ = cδ(u)du⊗ du+ aδ(u)
which obviously extend (provided we perform the same operation on both interfaces) to a
smooth metric on M , which we shall also denote by gMδ . For the proof of the following
proposition, it will be useful to set
tδ(u) =
∫ u
0
√
cδ(s) ds.
In particular, we notice that for δ small enough and u ∈ [−δ, δ] one has (from (3.5) and
(3.14))
(3.16)
1
2
≤ dtδ
du
≤ 2,
∣∣∣∣d2tδdu2
∣∣∣∣ ≤ 2.
Proposition 3.3. In the setting above, there exists δ0 ∈ (0, 2) such that for any δ ∈ (0, δ0)
the smooth metric gMδ on M satisfies the following two properties:
(1) the scalar curvature has a positive lower bound away from the two sets defined by
|u+| ≤ δ/2 and |u−| ≤ δ/2, and is uniformly bounded from below in such regions;
(2) the mean curvature of S+u is positive for all u ∈ [−20, 0) and vanishes on the surface
S, which is totally geodesic.
Proof. Claim (2) in the statement follows at once from the equation
HSu
gMδ
=
1
2
(
dtδ
du
)−1
(aδ)
−1∂aδ
∂u
thanks to Lemma 3.2, by virtue of the equations (3.11), (3.12) and (3.16) which ensure that
HSu
gMδ
→ HSu
gM
uniformly as one lets δ → 0.
Let us justify the assertion concerning the scalar curvature. The second variation formula
for the area functional, when combined with the Gauss equation for Su (with respect to the
metric gMδ ), gives
RgMδ = 2K
Su
gMδ
− (|ASu
gMδ
|2 + |HSu
gMδ
|2)− 2
(
dtδ
du
)−1
∂2
∂u2
HSu
gMδ
.
Arguing as above for Claim (2), the first three terms on the right-hand side are uniformly
bounded for δ ∈ (0, 2) (notice that the term involving the Gauss curvature is intrinsic to
the given slice, so we just appeal to (3.11)) thus we only need to study the last one, and in
the sole strip of points satisfying |u| ≤ δ/2. The chain-rule allows to rewrite such a term as
(3.17)
(
dtδ
du
)−2{
∂(aδ)
−1
∂u
∂aδ
∂u
+ (aδ)
−1∂
2aδ
∂u2
−
(
dtδ
du
)−1
d2tδ
du2
(aδ)
−1∂aδ
∂u
}
which implies Claim (1) thanks to the uniform bound (3.13) for ∂
2aδ
∂u2
. Thereby the proof is
complete. 
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3.3. Proof of Proposition 1.4. We will now employ conformal deformations (cf. Appendix
A and B) to obtain a continuous path of smooth metrics having the two properties stated
in Proposition 1.4.
Proof. The isotopy (gµ) is obtained as concatenation of three paths that are defined as
follows:
• for µ ∈ [0, 1] we set α(µ) = (Ψ′′µ)∗g, where the map Ψ′′ has been defined in Subsection
3.1; thereby we obtain a continuous path of metrics onX, all lying inM, interpolating
between g0 = g and g1 = (ψ
′′)∗g = (ψ′′)∗g′′, where g′′ is the restriction of g to X ′′ ⊂ X;
• for µ ∈ [0, 1] we set
β(µ) = ((1− µ) + µφ0)4(ψ′′)∗g
where φ0 ∈ C∞(X) is the (suitably normalized) first eigenfunction of the conformal
Laplacian, subject to Neumann boundary conditions, for the Riemannian manifold
(X, (ψ′′)∗g). The fact that, for any µ ∈ [0, 1] the metric β(µ) has positive scalar
curvature and (strictly) mean-convex boundary follows from the convexity results in
Appendix B;
• for µ ∈ [0, 1] and δ chosen so small that Proposition 3.3 is applicable, we set
γ(µ) = φ4µ
[
(ψ′′)∗(ιµ)∗gMδ
]
where ιµ : M
′′
+ →M is a smooth, proper diffeomorphism onto the sublevel set defined
by the inequality u+ ≤ (1 − µ)(−20) + µ0 and we set φµ ∈ C∞(X) to be the first
eigenfunction of the conformal Laplacian, subject to Neumann boundary conditions
and standard normalization, for the Riemannian manifold (X, (ψ′′)∗(ιµ)∗gMδ ). It fol-
lows from Lemma A.1, Lemma A.2 and Proposition 3.3 that, for µ ∈ [0, 1] 7→ γ(µ)
gives a path of smooth metrics on X that have positive scalar curvature and (strictly)
mean-convex boundary, except for µ = 1 in which case the boundary is totally geo-
desic.
Now, we have that, by the construction presented in Subsection 3.1 and Subsection 3.2,
the metric g˜ = gMδ is a smooth metric on M , hence smoothness of the (Riemannian) double
of (X, g1), where g1 = γ(1), follows by simply observing that the even extension to M of
the pull-back of the function φ1 to the upper half of M (defined by means of the maps ι1
and ψ
′′
), denoted by φ˜1, is a C
1 function that solves, in a pointwise sense, a linear elliptic
equation of the form
∆g˜φ˜1 − 1
8
Rg˜φ˜1 = −λ1φ˜1
hence it is actually a smooth function on M by standard elliptic regularity. It follows that
we can attach two copies of (X, g1), by pointwise identification of the boundary points, to
obtain a smooth Riemannian manifold of positive scalar curvature.

4. Ancillary results and tools
4.1. Key definitions and basic facts. We start by collecting some of the definitions we
will refer to throughout the article, and a few elementary facts.
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Definition 4.1. Let M be a compact manifold without boundary. We shall say that a smooth
map f : M →M is an involution if f 2 = id, and f is not the identity map itself. We further
define:
• Fix(f) = {x ∈M : f(x) = x}, the set of fixed points of f ;
• D(M, f) = {f ∈ Diff(M) : f ◦ ϕ = ϕ ◦ f}, the set of f -equivariant diffeomorphisms
of M .
If g is a Riemannian metric on M and f ∗g = g we shall say that f is an isometric involution
of (M, g) and, equivalently, that the metric g is f -compatible.
Remark 4.2. The definition of involution leaves some considerable freedom for what concerns
the structure of Fix(f). For instance, let (S3, ground) be the unit round sphere, and consider
the following examples of isometric involutions:
f(x1, x2, x3, x4) = (−x1,−x2,−x3,−x4) ⇒ Fix(f) = ∅;
f(x1, x2, x3, x4) = (x1,−x2,−x3,−x4) ⇒ Fix(f) =
{
x ∈ R4 : |x|2 = 1, x2 = x3 = x4 = 0
}
;
f(x1, x2, x3, x4) = (x1, x2,−x3,−x4) ⇒ Fix(f) =
{
x ∈ R4 : |x|2 = 1, x3 = x4 = 0
}
f(x1, x2, x3, x4) = (x1, x2, x3,−x4) ⇒ Fix(f) =
{
x ∈ R4 : |x|2 = 1, x4 = 0
}
.
Our next definition singles out the behaviour corresponding to the last of the four maps
described above, which precisely encodes the structure of the manifolds produced as output
of Section 3.
Definition 4.3. We shall define a reflexive n-manifold to be a triple (M, g, f) such that:
i) M is a compact, orientable, differentiable manifold of dimension n ≥ 3 without bound-
ary;
ii) g is a smooth Riemannian metric on M ;
iii) f ∈ C∞(M,M) is an isometric involution of (M, g) and
• if M is connected, then Fix(f) is a smooth, embedded, closed separating hyper-
surface;
• if M is disconnected, then there exists 2d connected components
{M∗1 ,M∗∗1 , . . . ,M∗d ,M∗∗d }
such that {M∗i ,M∗∗i } are isometric under f for any i = 1, . . . , d, and any other
component M• in M is such that the triple (M•, g•, f •) is itself a connected
reflexive triple (with g•, f • denoting the restriction of the metric g and the invo-
lution f to M•, respectively).
Remark 4.4. If M is a connected manifold (or a connected component of a disconnected
one) we say that a (possibly disconnected) smooth, closed, embedded hypersurface Σ is
separating if M \ Σ consists of exactly two connected components. For instance, we agree
that if X ' S2 × I and M = DX then the disconnected surface Σ = S2 × ∂I (that consists
of two spheres) is separating in M .
Now, we add a couple of elementary lemmata providing some basic information about
connected reflexive manifolds.
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Lemma 4.5. Let (Xn, g) be a connected manifold with boundary, equipped with an isometry
f , such that ∂X ⊂ Fix(f). Then f = id on X.
Proof. Induction on n. When n = 1 we can assume, without loss of generality, that X1 is
([−1, 1], du2). Then f : [−1, 1]→ [−1, 1] is a diffeomorphism, and f(±1) = ±1. Therefore f
is monotone increasing. Since f is an isometry, (f ′(u))2 = 1. Therefore f ′(u) = 1 everywhere,
and hence f = id.
Suppose the statement is true for dimension n− 1. Take  < r0, where r0 is the injectivity
radius of X. Take p ∈ ∂X. Denote the set Γ = S(p) the geodesic sphere of radius 
centered at p, equipped with the induced metric. Since f is an isometry, it maps Γ to itself.
Moreover, Γ is a Riemannian manifold with boundary of dimension n−1. Restricted to Γ, f
is an isometry such that ∂Γ ⊂ Fix(f). By induction, f is the identity map when restricted
to Γ. In fact, this argument shows that f = id in a tubular neighborhood of Γ, hence in a
neighborhood of p, and the full conclusion comes by suitably repeating this construction. 
Lemma 4.6. Suppose we have (M, g, f) a connected reflexive manifold. Then for any point
p /∈ Fix(f) and for any simple curve σ connecting p to f(p) the intersection σ ∩ Fix(f) is
not empty.
Proof. Let Ω1,Ω2 be the two (open) connected components of M \ Fix(f). Since f is a
diffeomorphism, by connectedness we shall have either f(Ω1) ⊂ Ω1 or f(Ω1) ⊂ Ω2. However,
we cannot have f(Ω1) ⊂ Ω1 (equivalently: f(Ω1) = Ω1), for otherwise f would be an isometry
on the Riemannian manifold with boundary M1 = Ω1, such that ∂M1 ⊂ Fix(f). By Lemma
4.5, this would imply that f = id on M1, hence on M . Contradiction. Therefore we must
have that f(Ω1) = Ω2, and hence f(Ω2) = Ω1.
If σ is disjoint from Fix(f), then it is entirely contained in one of Ω1 and Ω2, but this is
a contradiction, since p and f(p) are not both in Ω1 or Ω2. 
Lemma 4.7. Let (M, g, f) be a connected reflexive manifold, let U be a tubular neighborhood
of Fix(f) and let (x, t) for x ∈ Σ, t ∈ (−, ) be the associated coordinates on U . Then
f(x, t) = (x,−t) for any x ∈ Σ, t ∈ (−, ).
Proof. With some (convenient) abuse of language we shall notationally identify points in U
with their coordinates in the normal bundle of Σ := Fix(f) in M , associated with the tubular
neighborhood in question. Said ν a unit normal to Σ at (x, 0), we notice that the linear map
df : T(x,0)M → T(x,0)M acts as a linear isometry and since it restricts to the identity on the
subspace T(x,0)Σ it will be either df(ν) = ν or df(ν) = −ν. However, the former alternative is
easily ruled out thanks to Lemma 4.6, thus the latter will hold. Now, let γ(s) = exp(x,0)(sν)
and γf (s) = f(exp(x,0)(−sν)). It follows from our information on df that the two curves in
question will emanate at s = 0 from the same point and with the same velocity. Thus, by
the uniqueness part of the Cauchy-Lipschitz theorem we must conclude that they coincide,
which in particular implies that for any point (x, t) in the tubular neighborhood we will have
f(x, t) = (x,−t), as desired. 
Corollary 4.8. Let M be connected and assume that both (M, g, f) and (M, g, f˜) are reflexive
manifolds. If Fix(f) = Fix(f˜) then f = f˜ .
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Proof. Let Ω1,Ω2 be the connected components of M \ Fix(f), and let M1,M2 be their
closures, respectively. It follows from Lemma 4.6 that both f and f˜ interchange M1,M2
namely f : M1 → M2 is a diffeomorphism (of manifolds with boundary), and the same for
f˜ . Thus we can consider the restriction of the composition f˜ ◦ f to M1: Lemma 4.5 ensures
that such composition equals the identity, hence f = f˜ . 
Thanks to the local description provided in Lemma 4.7 a simple interpolation argument
allows to prove the following statement:
Corollary 4.9. Let (M, g, f) and (M ′, g′, f ′) be connected reflexive triples. Assume that
there exists a diffeomorphism ϕ : M1 →M ′1 where M1 (resp. M ′1) is the closure of one of the
connected components of M\Fix(f) (resp. M ′\Fix(f ′)). Then there exists a diffeomorphism
ϕ : M →M ′ such that ϕ ◦ f = f ′ ◦ϕ. As a result (M, (ϕ)∗g′, f) is also a connected reflexive
triple.
For instance, this corollary ensures that whenever we have a reflexive triple of the form
(M3 ' S3, g, f) we can always assume that the involution f equals the standard reflection
on S3 ⊂ R4 provided we replace g with its pull-back by means of a suitable diffeomorphism.
Since Theorem 1.2 is a statement about the moduli space of metrics this replacement can
always be made without losing any generality.
We conclude this section by introducing a suitable notion of isotopy in the category of
objects we will be dealing with.
Definition 4.10. • A reflexive isotopy is a (continuous) path µ ∈ [0, 1] 7→ (M, gµ, f)
such that for any µ ∈ [0, 1] the triple (M, gµ, f) is a reflexive n-manifold.
• Given a reflexive n-manifold (M, g, f) let D(M, f) (resp. D+(M, f)) denote the class
of diffeomorphisms (resp. orientation-preserving) diffeomorphisms ϕ of M that are
f -invariant in the sense that ϕ ◦ f = f ◦ ϕ. If g′ is a Riemannian metric such that
(M, g′, f) is a reflexive n-manifold we let [g′] denote the corresponding equivalence
class modulo D(M, f). A reflexive isotopy of classes is a (continuous) path µ ∈
[0, 1] 7→ (M, [gµ], f) such that for any µ ∈ [0, 1] the triple (M, gµ, f) is a reflexive
n-manifold.
It is straightforward to check that the last definition, concerning isotopies of classes, is
well-posed i. e. it does not depend on the choice of the representatives in the moduli space.
4.2. Equivariant developing maps.
Proposition 4.11. Let (M ' S3, g, f) be a locally conformally flat, reflexive manifold for
f = ρ the reflection of S3 ⊂ R4 defined by ρ(x′, t) = (x′,−t). Then there exists a conformal
diffeomorphism ϕ : (M, g)→ (M, ground) (the round unit sphere) that satisfies ϕ ◦ f = f ◦ ϕ
(that is to say ϕ ∈ D(M, f)). Furthermore, there exists a reflexive isotopy (gµ) connecting
(M, g, f) to (M,ϕ∗ground, f). If g ∈ R then gµ ∈ R for any µ ∈ [0, 1].
Proof. It follows from Kuiper’s work (cf. [28], see also [29] for later extensions) that one
can define a conformal diffeomorphism ϕ : (M, g) → (M, ground), the so-called developing
map. This map is obtained by patching together (thanks to Liouville’s theorem classifying
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conformal automorphisms of spheres) the local definitions that we are granted since we are
assuming that (M, g) is locally conformally flat.
Now, since f ∗g = g, it follows that the two (a priori distinct) developing maps ϕ and ϕ◦f
must coincide on the sphere Fix(f). On the other hand we also know (by the uniqueness part
of Kuiper’s theorem) that they must differ by a Mo¨bius transformation, say ϑ, of S3 ≡ R3,
that is to say ϕ ◦ f = ϑ ◦ ϕ.
An elementary argument shows that these two things together are only possible if ϕ(Fix(f))
is a totally umbilic sphere in round S3 and thus, possibly by composing ϕ with a Mo¨bius
transformation and renaming it accordingly, if ϕ(Fix(f)) is an equatorial sphere and also
ϑ = ρ(= f). Therefore, ϑ◦ϕ = ϕ◦f is the same as f ◦ϕ = ϕ◦f , and this equation precisely
encodes the desired equivariance property of ϕ.
Once we know that for the developing map ϕ ∈ D, the reflexive isotopy is simply obtained
by considering a linear interpolation of the conformal factors: we set
gµ = u
4
µg, for uµ = (1− µ) + µu
where, u is the conformal factor associated to the pulled-back round metric ϕ∗ground. The
fact that the corresponding isotopy of metrics actually occurs inside R if g belongs to such a
set follows directly, as a very special case, from the convexity results provided in Appendix
B (cf. Remark B.2). 
4.3. Equivariant -necks.
Definition 4.12. Let (M3, g, f) be a reflexive manifold (in the sense of Definition 4.3).
Given 0 <  < 1, we say that a reflexive -neck is the datum of:
(1) a point z ∈ Fix(f);
(2) an f -invariant set N ⊂M ;
(3) a diffeomorphism ψ : N → S2 × (−1/, 1/) such that:
• the metric Rg(z)(ψ−1)∗g is -close in the C [1/]−topology to the cylindrical metric
gcyl where the first factor is scaled so to have scalar curvature one;
• the pulled-back action of f is an isometry of (S2 × (−1/, 1/), gcyl).
We shall say that z is the center of the neck, and that h := Rg(z)
−1/2 is its scale.
The above definition is essentially taken from the work of Dinkelbach-Leeb (cf. Section
3.3 in [12]), that is devoted to the study of equivariant Ricci flows to the scope of classifying
smooth actions on certain classes of geometric manifolds.
Remark 4.13. If (M3, g, f) is a reflexive triple, N ⊂ M is a reflexive neck (with slight
abuse of language), and ψ : N → S2 × (−1/, 1/) is the corresponding neck chart, then
ΣN = ψ(Fix(f)) is a totally geodesic surface in N . Notice that such a surface is not empty
because it will contain at least the center of the neck, which is (by definition) a point of
Fix(f). Hence, it follows (by explicit classification of totally geodesic surfaces in a round
cylinder) that only two local models are possible:
Type T: the surface ΣN is a product of the form S
1× (−1/, 1/) ⊂ S2× (−1/, 1/),
where it is understood that S1 sits inside round S2 as an equatorial circle;
Type C: the surface ΣN is the central sphere of the neck, i. e. we have that ΣN =
S2 × {0} ⊂ S2 × (−1/, 1/).
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Correspondingly, the classification of isometric actions of Z/2Z on a round cylinder allows
to explicitly determine the pulled-back action of f on the cylinder. In the case of type T
the action is given by the map σ : S2 × (−1/, 1/) → S2 × (−1/, 1/) acting at the level
of the single (spherical) fibers as the standard reflection of S2 ⊂ R3 with respect to the
plane defined by vanishing of the last coordinate, while in the case of type C the action is a
symmetry with respect to the central sphere of the neck (which we shall denote by κ). Notice
that, in case of a neck of type T , we can always pre-compose the map ψ with an isometry of
the cylinder so that ψ(Fix(f)) equals (in the corresponding chart) the set Fix(σ). From now
onwards we shall convene that all reflexive necks with deal with satisfy such an additional
condition.
Neck of Type T Neck of Type C
σ
κ
Figure 1. Equivariant necks.
We complete this section recasting, in our equivariant setting, the definition of structured
chain of -necks and providing a simple lemma that ensures that the elements of any such
chain can be combined into a unique neck structure, with the same equivariance property.
Definition 4.14. Given a reflexive manifold (M3, g, f), we say that an ordered k-tuple of
reflexive -necks (N1, N2, . . . , Nk) in M is a reflexive chain of -necks if the following three
conditions are satisfied:
(1) said zi ∈ Fix(f) the center of Ni one has si(zi+1) = 0.9/ for any i = 1, 2, . . . , k− 1;
(2) g(∂/∂sNi , ∂/∂sNi+1) > 0 for any i = 1, 2, . . . , k − 1;
(3) s−1N1((−1/,−0.5/)) ∩Ni = ∅ for any i = 2, . . . , k.
Notice that in this definition we have employed the standard notation that sNi : Ni →
(−1/, 1/) is the projection onto the second factor associated to -neck structure (Ni, ψi).
This notation will be systematically adopted in the sequel of this article.
We remark that the above definition is somewhat more restrictive here than it is in the
non-equivariant setting. In particular, we note the following fact:
Lemma 4.15. Let (M3, g, f) be a reflexive manifold and let (N1, N2, . . . , Nk) be a reflexive
structured chain of -necks therein. Then each -neck is of type T (cf. Remark 4.13) and
on any overlapping region Ni ∩ Ni+1 (for i = 1, . . . , k − 1) we have that the transition map
ϕ = ψi+1 ◦ ψ−1i satisfies the equation ϕ ◦ σ = σ ◦ ϕ. In particular, on the overlapping region
Fix(f) is mapped by ψ1, ψ2 to the same set modulo a translation of the second coordinate.
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Proof. To prove the first statement, there are in principle two different scenarios to be ruled
out: first an overlapping of two (consecutive) -necks of type C, second an overlapping of
an -neck of type C with an adjacent neck of type T . However, they can handled with the
same argument: it is enough to notice that, said (as above) zi+1 ∈ Fix(f) the center of
Ni+1 we should have si(zi+1) = 0 (because Fix(f) is mapped to the central spherical leaf of
Ni by definition of type C), but on the other hand si(zi+1) = 0.9/ by condition (1) above,
contradiction.
Concerning the second statement, we know (since we are dealing with two equivariant
necks of type T , and we are adopting the convention given in Remark 4.13) that f -related
points in M correspond to σ-related points in the -neck chart (this assertion being true for
each of the two charts in question). The conclusion follows at once. 
Lemma 4.16. (cf. Lemma 4.1 in [34]) There exists 1 ∈ (0, 1) such that the follow-
ing assertion is true. Let (M3, g, f) be a reflexive manifold and let (N1, ψ1), (N2, ψ2) be
two reflexive -necks structures of type T , having scales h1, h2 respectively, such that Λ :=
s−1N1((−0.95/, 0.95/)) ∩ s−1N2((−0.95/, 0.95/)) 6= ∅ and g(∂/∂sN1 , ∂/∂sN2) > 0. Suppose
further that any embedded two-dimensional sphere separates M . If 0 <  ≤ 1, for any z ∈ Λ
then there exists a set N ⊂ N1 ∪ N2 and a diffeomorphism ψ : N → S2 × (−1/, β) for
β = 1/+ sN1(z)− sN2(z) such that:
(1) the set N is f -invariant and the pulled-back action is an isometry of S2 × (−1/, β)
with the cylindrical metric gcyl, where the round S
2-factor is normalized so to have
scalar curvature one;
(2) ψ−1(θ, t) = ψ−11 (θ, t) for all (θ, t) ∈ S2 × (−1/, sN1(z)− 0.0025/);
(3) ψ−1(θ, t) = ψ−12 (θ, t+ 1/− β) for all (θ, t) ∈ S2 × (β + sN2(z)− 0.975/, β);
(4) there exists a continuous path of metrics (gµ) on S
2× (−1/, β), all of positive scalar
curvature, with g0 = (ψ
−1)∗(g), g1 rotationally symmetric, and restricting to the
lineary isotopy gµ = (1−µ)(ψ−11 )∗(g)+µh21gcyl on S2× (−1/, sN1(z)−0.0025/) and
gµ = (1− µ)(ψ−12 )∗(g) + µh22gcyl on S2 × (β + sN2(z)− 0.975/, β).
Proof. One can follow verbatim the proof of Lemma 4.1 in [34], the only issue being verifying
that the definition of the map ψ : N → S2×(−1/, β), provided at page 829 therein, satisfies
the equivariance property given in item (1) above. This fact is justified by observing that
both the transition map ϕ = ψ2 ◦ ψ−11 and its approximation ϕ˜ are commuting with σ.
The first assertion is indeed a consequence of Lemma 4.15 above, while the second one
relies on the convention that we have stipulated, in Remark 4.13 for type T equivariant
necks, ensuring that the isometry A therein (which appears when changing the neck chart)
must be the identity. 
This observation allows, in particular, to combine the elements of a structured chain of
necks:
Lemma 4.17. Let (M3, g, f) be a reflexive manifold and let (N1, N2, . . . , Na+1) be a reflexive
structured chain of -necks for some positive integer a. If 0 <  ≤ 1 (with 1 as prescribed
in the previous statement) then there exists a diffeomorphism ψ : ∪a+1i=1Ni → S2× (−1/, (1+
a(0.9))/) such that:
(1) ψ−1(θ, t) = ψ−11 (θ, t) for all (θ, t) ∈ S2 × (−1/, 0.25/);
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(2) ψ−1(θ, t) = ψ−1a+1(θ, t) for all (θ, t) ∈ S2 × ((−0.25 + a(0.9))/, (1 + a(0.9))/);
(3) there exists a continuous path of metrics (gµ) of positive scalar curvature on S
2 ×
(−1/, (1 + a(0.9))/) such that g0 = (ψ−1)∗g, g1 is rotationally symmetric, and
restricting to the lineary isotopy gµ = (1−µ)(ψ−11 )∗(g)+µh21gcyl on S2×(−1/, 0.25/)
and gµ = (1− µ)(ψ−1a+1)∗(g) + µh2a+1gcyl on S2 × ((−0.25 + a(0.9))/, (1 + a(0.9))/).
Proof. This follows at once by applying Lemma 4.16 above exactly a times, picking z = zi+1
at the i-th application. 
4.4. Equivariant surgery. We will mostly stick to the notation of the monograph by
Morgan-Tian [38] (see in part. Chapter 13 for the part on Perelman’s notion of surgery).
We let gstd denote the standard initial metric on R3 with tip at the origin. The metric
in question is rotationally symmetric, has non-negative sectional curvature and we recall
the existence of A0 > 0 such that ψ : (R3 \ BA0(0), gstd) → (S2 × (−∞, 4], gcyl) given by
ψ(x) = (x/|x|, |x|) is an isometry.
We let, for purely notational convenience, Kstd denote the smooth manifold obtained as
((S2 × (−4, 4)) ∪BA0+4(0))/((x, t) ∼ ψ−1(x, t)), (x, t) ∈ S2 × (−4, 4)
that is clearly diffeomorphic to R3. There is a well-defined function s : Kstd → R that
extends the projection onto the second factor associated to ψ; such a function takes values
in (−∞, 4 + A0]). We further consider the involution τ on Kstd defined by letting τ = σ on
S2× (−4, 4) and τ(x1, x2, x3) = τ(x1, x2,−x3) on BA0+4(0) (regarded as an open ball in R3).
Now, let h be a Riemannian metric on (S2 × (−4, 4)) that is σ-invariant (meaning that σ
is an isometry of (S2× (−4, 4), h)). If we further assume, based on the notion of -neck, that
it be -close in C [1/] to gcyl then the whole discussion presented in Section 5 of [34] applies.
In particular, we collect for later reference the following two statements.
Lemma 4.18. There exists 2 > 0 such that if h is a Riemannian metric on (S
2 × (−4, 4))
that is σ-invariant, and -close in C [1/] to gcyl for some 0 <  ≤ 2 one can define a metric
hsurg, on Kstd that satisfies the following properties:
(1) τ : Kstd → Kstd is an isometry of hsurg,;
(2) hsurg, = h on s
−1((−4, 0]);
(3) the restriction of hsurg, to s
−1[1, 4 + A0] has positive sectional curvature;
(4) the scalar curvature of hsurg, satisfies Rhsurg, ≥ Rh on s−1((−4, 1]); in particular the
metric hsurg, has positive scalar curvature (if  is small enough);
(5) the smallest eigenvalue of the curvature operator of hsurg, (seen as an endomor-
phism in the standard fashion) is greater or equal that the smallest eigenvalue of the
curvature operator of h on s−1((−4, 1]); in particular the metric hsurg, has positive
sectional curvature if h does.
This same extension procedure can also be applied to families of metrics, in particular to
paths corresponding to isotopies interpolating between an almost-cylindrical metric h and
gcyl.
Lemma 4.19. Let h be a Riemannian metric on (S2 × (−4, 4)) that is σ-invariant, and
-close in C [1/] to gcyl for some 0 <  ≤ 2. Then there exists continuous a path of positive
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scalar curvature metrics on Kstd starting at hsurg,, ending at a rotationally symmetric metric
and restricting to a linear isotopy on s−1(−4, 0] for all µ ∈ [0, 1]. Furthermore, the map τ
is an isometry for any µ ∈ [0, 1].
Indeed, if one lets hµ = (1−µ)h+µgcyl (for which we notice that σ is an isometry for any
µ ∈ [0, 1]), it suffices to take h′µ = (hµ)surg,.
We can now explain what we mean, in our context, by equivariant surgery.
Definition 4.20. Given two reflexive triples (M, g, f) and (M˜, g˜, f˜) and  > 0 we will say
that (M˜, g˜, f˜) is obtained from (M, g, f) by performing a simple equivariant surgery if one
of the following three statements applies:
(1) there exists a reflexive -neck N ⊂ M of type T and (M˜, g˜, f˜) is obtained from
(M, g, f) by cutting along the central sphere of N and gluing caps as decribed above
(cf. Lemma 4.18);
(2) there exists a reflexive -neck N ⊂ M of type C and (M˜, g˜, f˜) is obtained from
(M, g, f) by cutting along the central sphere of N and gluing caps on both sides
(Section 5 of [34]) in the same fashion;
(3) there exists two disjoint -necks N1, N2 ⊂ M that are f -isometric and such that
(N1∪N2)∩Fix(f) = ∅, and (M˜, g˜, f˜) is obtained from (M, g, f) by cutting along the
central spheres of N1, N2 and gluing caps on both sides to each of them in the same
fashion.
In particular, we require (in any of the three cases) that f˜ = f on Int(M ∩ M˜) (the set of
interior points of the manifold with boundary M ∩ M˜). More generally, we will say that
(M˜, g˜, f˜) is obtained from (M, g, f) by performing equivariant surgery if it can be realized by
finitely many simple equivariant surgeries (one of the three moves above).
We need to make sure that the previous notion is indeed well-posed, in the following sense:
Lemma 4.21. If (M, g, f) is a 3-reflexive manifold and equivariant surgery is performed,
then one obtains a triple (M˜, g˜, f˜) that is a reflexive 3-manifold.
Proof. Clearly, it is enough to check that we can partition the connected components of M˜
as described in item iii) of Definition 4.3. Also, without loss of generality we can deal with
the case of simple equivariant surgeries.
By the way surgeries are defined, we need to prove that if M˜∗ is a connected component
of M˜ such that f˜(M˜∗) ⊂ M˜∗, then Fix(f˜) ∩ M˜∗ 6= ∅. Recall that, in any of the three cases
of simple surgery above, we can exploit the equation
Fix(f˜) = Fix(f) ∩ Int(M˜ ∩M)
to get
Fix(f˜) ∩ M˜∗ = Fix(f) ∩ Int(M˜∗ ∩M)
and thus it suffices to check that if f˜(M˜∗) ⊂ M˜∗ then the right-hand side is not empty. But
this is simple. First, one just needs to observe that M˜∗ ∩M is connected (roughly speaking:
intersecting M˜∗ with M corresponds to removing at most two disjoint open balls from a
connected manifold). Second, one can pick any point p ∈ Int(M˜∗ ∩M) \ Fix(f) and join it
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to f˜(p) by a curve σ that is entirely contained in the interior of M˜∗ ∩M ⊂ M . By Lemma
4.5 and Lemma 4.6 that same curve σ, regarded as a subset of M , must intersect Fix(f). 
Remark 4.22. It follows by the way the surgery procedure is defined that if Fix(f) is diffeo-
morphic to S2, then either Fix(f˜) = ∅ or the same conclusion holds true for each connected
component of Fix(f˜): the set of fixed points loses one connected component in case (2), and
is modified only in case (1) above: what one does, in that case, is to remove an annulus from
such S2 for every (surgical) neck in the ambient manifold and to glue disks to each of the
resulting circles.
4.5. Equivariant Ricci flow with surgery. Given a compact Riemannian manifold (M3, g),
without boundary, it is well-known that Hamilton’s Ricci flow (see [19])
(4.1)
{
∂tg(t) = −2Ricg(t)
g(0) = g
has a unique, locally defined smooth solution up to a maximal time t∗ > 0; as a result of
the uniqueness statement the flow happens equivariantly with respect to any given group
of isometries of the initial metric g. It was observed in [12], Section 5.1, that the Ricci
flow with surgery presented by Perelman can also be constructed equivariantly: since the
regions of high curvature, the horns and the continuing regions are, by their very definitions,
invariant under the group action in question, one can perform surgery (i. e. remove necks,
add spherical caps and extend the metric) in an equivariant fashion. We shall now present
the results that will be needed in the proof of our main theorems, specified to our setting.
The reader may wish to consult Section 7 of [34] for the basic definitions we employ, and the
monographs [38] and [26] for a comprehensive introduction to the Ricci flow with surgery.
Definition 4.23. Let (M3, g, f) be a reflexive triple as per Definition 4.3 and let g(t), t ∈
[a, b) evolve by Ricci flow with initial condition g(0) = g. Given positive constants C, 
we shall say that (M, g, f) satisfies the (C, ) reflexive canonical neighborhood property with
parameter r > 0 if every point x ∈M such that for some t ∈ [a, b) the inequality Rg(t) ≥ r−1
is satisfied at x has a canonical neighborhood (in the sense of Perelman) and, in addition:
• if z ∈ Fix(f) is the center of an -neck, then it is also the center of a reflexive -neck
(Definition 4.12);
• if z ∈ Fix(f) is contained in the core of a (C, )-cap, then there exists an f -invariant
(C, )-cap K = Y ∪ N whose core Y contains z, and such that the pull-back action
restricts to an isometry of the reflexive -neck N ; furthermore in the latter case the
boundary of the core ∂Y is the central sphere of a reflexive -neck.
Remark 4.24. It follows from Section 4.1 that if instead, in the setting above, U is a C-
component or an -round component, then one of the following two assertions applies:
• either (U, g•, f •) is a reflexive triple (which happens if Fix(f) ∩ U 6= ∅);
• or there exists another component of the same type of U that is f -isometric to U
(which happen if instead Fix(f) ∩ U = ∅).
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Remark 4.25. In the same setting, let now K ⊂ M be a (C, )-cap that is reflexive in the
sense explained in Definition 4.23. In this case, since Fix(f) ∩ Y 6= ∅ (by assumption), a
standard connectedness argument shows that N must be a neck of type T .
Theorem 4.26. (cf. Section 5.1 in [12], Theorem 7.1 in [34]) Let (M3, g, f) be a connected
reflexive triple, having positive scalar curvature. Then there exist:
a) positive constants C, ;
b) canonical neighborhood parameters r = {ri}ji=0 such that
r0 =  ≥ r1 ≥ r2 ≥ . . . ≥ rj > 0;
c) surgery control parameters ∆ = {δi}ji=0 such that δ0 ≤ /6 and
δ0 ≥ δ1 ≥ δ2 ≥ . . . ≥ δj > 0;
and a Ricci flow with surgery (Mi, gi(t)t∈[ti,ti+1), fi) with 0 ≤ i ≤ j such that
(1) M0 = M, g0(0) = g, f0 = f ;
(2) for every i = 0, . . . , j and t ∈ [ti, ti+1) the triple (Mi, gi, fi) is a reflexive manifold;
(3) the flow becomes extinct at finite time tj+1 <∞;
(4) the scalar curvature of gi(t) is bounded from below by infx∈M Rg(x) for all i = 0, . . . , j
and t ∈ [ti, ti+1);
(5) for every i = 0, . . . , j the Ricci flow (Mi, gi(t), fi), t ∈ [ti, ti+1) satisfies the (C, )
reflexive canonical neighborhood property with parameter ri, for all 0 ≤ i ≤ j;
(6) for every i = 0, . . . , j the Riemannian manifold (Mi+1, gi+1(ti+1)) is obtained from
the Ricci flow (Mi, gi(t))t∈[ti,ti+1) by performing equivariant surgery at time ti+1 with
parameters ri and δi, and fi+1 = fi on Int(Mi+1 ∩Mi).
Remark 4.27. The fact that condition (5) above can be accomodated relies on the discussion
presented in Section 3.3 of [12], see in particular Lemma 3.8 therein (applied for G = H =
Z/2Z, the group with two elements).
Remark 4.28. Concerning the position of any given connected component Σ of the set Fix(fi)
with respect to the region affected by surgery at time ti+1, we shall distinguish the following
cases:
i) Σ ⊂ Cti+1 , i. e. Σ is contained in the continuing region of the Ricci flow with surgery,
and is therefore unaffected by the surgery procedure at time ti+1;
ii) Σ ⊂ Ccti+1 , i. e. Σ is contained in the complement of the continuing region of the
Ricci flow with surgery, thus (by the way this region is defined) the scalar curvature
at any of its points is larger than ρ−2i and so larger than r
−2
i as well (for ρi = δiri
and δi ∈ (0, 1), by definition): thus Σ is contained in the union of finitely many
(C, )-canonical neighborhoods, where the parameters C and  are those mentioned
in the statement of Theorem 4.26. Hence, there are the following subcases:
ii.a) Σ is contained in a C-component, or in an -round component; in both cases the
ambient component has positive sectional curvature and will become extinct in
finite time;
ii.b) Σ is entirely contained in an -neck: in this case there exists a possibly different
reflexive -neck of type C for which Σ is the central sphere.
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iii) if none of the two applies, then (since the continuing regions are chosen to be equi-
variant with respect to fi) the closed surface Σ will meet ∂Cti+1 transversely, in fact
orthogonally (in the neck charts) along either one or two closed curves.
4.6. Equivariant Gromov-Lawson connected sums. Let (Mn, g) be a compact Rie-
mannian manifold without boundary, of positive scalar curvature. Given p ∈M , {ei} ⊂ TpM
an orthonormal basis, and r0 > 0, the Gromov-Lawson construction defines a positive scalar
curvature metric g′ on Br0(p) \ {p} that coincides with g near the boundary ∂Br0(p), and
such that (Br2(p) \ {p}, g′) is isometric to a half cylinder for some r2 ∈ (0, r0).
We refer the reader to Section 1 of [18] for the details of the construction, see also Section
6 of [34]. For our purposes, we just state the result we need. We identify the neighborhood
Br0(p) with Br0(0) ⊂ Rn via the choice of an orthonormal frame {ek} and the exponential
normal coordinates. Then given r0 <
1
2
min{injM(p), 1}, there exists a planar curve γ ⊂ R2,
depending on the lower bound of scalar curvature of g, and the upper bound of the C2 norm
of g, that satisfies the following four properties:
(1) the image of γ is contained in the region {(r, t) : r ≥ 0, t ≥ 0};
(2) the image of γ contains the half-line r ≥ r1, t = 0 for some r1 ∈ (0, r0);
(3) the image of γ contains the half-line r = r2, t ≥ t2 for some r2 ∈ (0, r1) and t2 > 0;
(4) the induced metric on M ′ = {(x, t) : (|x|, t) ∈ γ} as a submanifold of the Riemannian
product Br0(p)× R has positive scalar curvature.
By choosing r2 sufficiently small, the induced metric on the tubular piece r = r2, t ≥ t2
is a perturbation of the standard cylindrical metric on Sn−1r2 (0) × R. Then with a cutoff
function, we can slightly modify the induced metric and obtain a positive scalar curvature
metric g′ of the form gij(x, t)dxidxj + dt2, which coincides with the original metric near t2,
and is isometric to Sn−1r2 (0)× [t3,∞) for some t3 > t2.
Remark 4.29. If the metric g has constant positive sectional curvature on Br0(p), then the
metric g′ is rotationally symmetric on Br0(p) \ {0}. As a result, any connected sum of round
spheres (or isometric quotients thereof) is locally conformally flat.
The above construction can be done in an equivariant way. Precisely, let (M, g, f) be
a connected reflexive n-manifold. Assume p ∈ Σ := Fix(f). We may choose the local
orthonormal basis at p, such that {ei}n−1i=1 is a local orthonormal basis for TpΣ, and en is
normal to Σ. Based on the local description of f near its fixed locus, see Lemma 4.7, the
choice of planar curve γ can be made so that the induced metric on M ′ = {(x, t) : (|x|, t) ∈
γ} is invariant under the coordinate change (x1, x2, · · · , xn, t) 7→ (x1, x2, · · · ,−xn, t). We
may then proceed to consider a modification g′ = g′ij(x, t)dxidxj + dt
2, such that g′ also
satisfies that it is invariant under the same coordinate change, in addition to all the previous
properties. As a result, the manifold (M \ {p}, g′, f) has positive scalar curvature, and is
itself a reflexive manifold.
Let now (M1, g1) and (M2, g2) be connected compact manifolds, without boundary, of
positive scalar curvature. Assume further that (M1unionsqM2, g1unionsqg2, f) is a reflexive manifold for
some smooth f . We distinguish two possible types of equivariant Gromov-Lawson connected
sums:
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Type T: assume that f(M1) = M1, thus also f(M2) = M2. In this case, M1,M2 are
both reflexive components. Thus, f |Mj , j = 1, 2, has a fix point set Σj, where Σj is a
totally geodesic separating hypersurface of Mj. Given pj ∈ Σj, take orthonormal bases
{ek} ⊂ Tp1M1, {ek} ⊂ Tp2M2, such that en, en are normal to Σ1, Σ2, respectively. There
exist 0 < r0 <
1
2
min{injM1 , injM2 , 1}, so that the previous construction with γ applies to both
manifolds. As a result, we can glue the manifolds (Br0(p1) \ {p1}, g′1) and (Br0(p2) \ {p2}, g′2)
along the spheres where t = t3 + 1 with reverse orientations. The result is a positive
scalar curvature, reflexive manifold (M1#M2, g1#g2, f
′), such that the fix point set of f ′
is diffeomorphic to Σ1#Σ2. The metric g1#g2 depends only on g1, g2, and the choice of
parameters.
Type C: assume that f(M1) = M2, thus also f(M2) = M1 and Fix(f) = ∅. Given
p1 ∈ M1, take p2 = f(p1) ∈ M2. Take an orthonormal basis {ek} ⊂ Tp1M1. Then the
push forward {ek = (df)∗(ek)} ⊂ Tp2M2 is also an orthonormal basis. Applying the non-
equivariant Gromov-Lawson construction with the same curve γ to both manifolds, we may
then glue (Br0(p1) \ {p1}, g′1) and (Br0(p2) \ {p2}, g′2) along the spheres where t = t3 + 1
with reverse orientations. As a result, we construct a positive scalar curvature metric on
M1#M2, equipped with an isometry f
′. Here f ′ = f on Mj \ Br0(pj) and, after gluing, f ′
has a connected fix point set: it is the sphere Sn−1r2 (0)× {t3 + 1} in the above construction.
This construction also depends only on g1, g2, and the choice of parameters.
We further consider a third type of operation, which (with some abuse of language) we
shall call type D double connected sum. In this case we start with two possibly disconnected
compact manifolds, without boundary, of positive scalar curvature (M1, g1) and (M2, g2); we
suppose that (M1 unionsqM2, g1 unionsq g2, f) is a reflexive manifold for some smooth f .
Type D: in this case we assume that both pieces (Mj, gj, f |Mj), j = 1, 2 be reflexive, but
we contemplate three possible scenarios, depending on whether they are both connected,
both disconnected, or (M1, g1, f |M1) is connected while (M2, g2, f |M2) is not. The manifold
(M, g, f) is obtained by joining two distinct points, located away from Fix(f), p1 ∈M1, p2 ∈
M2 via a non-equivariant neck (namely: through a standard Gromov-Lawson connected
sum), and then performing the very same construction on the couple of f -related points
namely picking q1 = f(p1) ∈ M1, q2 = f(p2) ∈ M2, and correspondly f -associated bases.
That is to say: we take orthonormal bases {ek} ⊂ Tp1M1, {ek} ⊂ Tp2M2, and we consider
{(df)∗(ek)} ⊂ Tq1M1 and {(df)∗(ek)} ⊂ Tq2M2; we then glue the manifolds (Br0(p1)\{p1}, g′1)
and (Br0(p2) \ {p2}, g′2) along the spheres where t = t3 + 1 with reverse orientations, and
analogously we glue (Br0(q1) \ {q1}, g′1) and (Br0(q2) \ {q2}, g′2) along the spheres where
t = t3 + 1 with reverse orientations. The result is a positive scalar curvature, reflexive
manifold (M1#M2, g1#g2, f
′), such that the fix point set of f ′ is equal to the disjoint union
Σ1 unionsq Σ2.
Notice that in any of the three cases we have f ′ = f on M1 unionsqM2 minus the basepoints for
the connected sum, namely f ′ = f on M1 unionsqM2 \ {p1, p2} in the first and second cases, while
f ′ = f on M1 unionsqM2 \ {p1, p2, q1, q2} in the third one.
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Figure 2. A schematic illustration of the three possible types of Gromov-
Lawson equivariant connected sums.
Remark 4.30. For any of the three types of equivariant connected sum described above, we
also allow (M1, g1, f1) = (M2, g2, f2) provided (M1, g1, f1) is a reflexive manifold (that is
additionally required to be connected for type T or C connected sum). We are essentially
attaching a handle to a reflexive manifold (type T and type C) or two (type D). The results
stated in this section also apply to this (important) special case.
By choosing the parameters continuously, the above construction applies to families of
reflexive metrics. Consider a continuous family of reflexive manifolds (M1unionsqM2, g1,µunionsqg2,µ, f),
µ ∈ [0, 1], points pi,µ ∈ M1 unionsqM2 and orthonormal bases {e(i)k (µ)} of Tpi,µ(M1 unionsqM2), i ∈ I.
We call (pi,µ, {e(i)k (µ)}), i ∈ I continuous f -equivariant choices of data, if one of the following
assertions (corresponding to the three possible operations above) hold true:
• M1,M2 are reflexive components, I = {1, 2}, pi,µ ∈ Fix(f), and e(i)n (µ) ⊥ Fix(f) for
all µ ∈ [0, 1], i = 1, 2;
• M1,M2 are non-reflexive components, I = {1, 2}, p2,µ = f(p1,µ), and e(2)k (µ) =
(df)∗(e
(1)
k (µ)) for all µ ∈ [0, 1], k = 1, . . . , n.
• M1,M2 are (possibly disconnected) reflexive components, I = {1, 2, 3, 4}, p1,µ, p3,µ ∈
M1 \ Fix(f), p2,µ, p4,µ ∈M2 \ Fix(f) and for all µ ∈ [0, 1] we have
p3,µ = f(p1,µ), p4,µ = f(p2,µ),
e
(3)
k (µ) = (df)∗(e
(1)
k (µ)), e
(4)
k (µ) = (df)∗(e
(2)
k (µ)) k = 1, . . . , n;
Lemma 4.31. Let µ : [0, 1] 7→ gi,µ be continuous paths of positive scalar curvature metrics
on the compact manifolds without boundary Mn1 ,M
n
2 . Assume that (M1 unionsqM2, g1,µ unionsq g2,µ, f)
is a reflexive n-manifold for all µ ∈ [0, 1] for some smooth map f . Given continuous f -
equivariant choices of data (pi,µ, {e(i)k (µ)}), there exists r0 > 0 such that the Gromov-Lawson
connected sums of (M1, g1,µ) and(M2, g2,µ) constructed with γ = γ(r0) and {e(i)k (µ)} at pi,µ,
form a family of reflexive manifolds (M1#M2, g1,µ#g2,µ, f
′) whose metrics vary continuously
as one lets µ ∈ [0, 1]. Furthermore g1,µ#g2,µ = g1,µ, f ′ = f on M1\Br0(p1,µ); g1,µ#g2,µ = g2,µ,
f ′ = f on M2 \Br0(p2,µ), for all µ ∈ [0, 1].
Remark 4.32. Recall that if (M ' S3, g, f) is a locally conformally flat reflexive manifold with
f = ρ (which, by Corollary 4.9 one can always assume), then there exists a conformal diffeo-
morphism φ : (M, g, f)→ (M, ground, f), such that φ∗ground = u4g, and f ∗u = u. Therefore,
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Figure 3. A type D double connected sum involving a connected reflexive
manifold (M1, g1, f1) and a disconnected reflexive pair (M2, g2, f2).
if (M1, g1), (M2, g2) are both round spheres and one peforms a type T or type C Gromov-
Lawson connected sum, then under the assumption of Lemma 4.31, (M1#M2, g1#g2, f) is
isotopic, through reflexive metrics, to the standard round sphere.
We can employ the equivariant Gromov-Lawson construction to reconstruct those necks
that are cut by surgery. Precisely, let (S2× (−4, 4), h, f) be an equivariant neck, with f = σ
(the reflection of type T necks) and assume h is within  of the cylindrical metric gcyl in
the C [1/]-topology. We then apply surgery along the central sphere S2 × {0} on this neck,
glue standard caps, and obtain two manifolds (S−, h−surg,) and (S
+, h+surg,) as explained in
Section 4.4. Notice that the (disconnected) manifold (S− unionsq S+, h−surg, unionsq h+surg,) also comes
equipped with an isometric involution f ′ that makes it a reflexive manifold. We can take the
tips p−, p+ of the spherical caps, and apply the equivariant Gromov-Lawson construction to
(S−unionsqS+, h−surg,unionsqh+surg,, f ′) at p−, p+, obtaining a connected sum (S−#S+, h−surg,#h+surg,) of
positive scalar curvature. Notice that the resulting manifold (S−#S+, h−surg,#h
+
surg,) is also
equipped with the isometric involution f (that makes the triple (S−#S+, h−surg,#h
+
surg,, f)
a connected reflexive manifold). The case of the case when instead we start with a neck to
type C, and perform (after the surgery cutting along the central sphere) a type C connected
sum is similar.
The same proofs as in Lemma 6.2 and Lemma 6.3 in [34] apply in the equivariant setting,
and we conclude the following important result:
Lemma 4.33. Fix  > 0 sufficiently small. Let (S2× (−4, 4), h, f) be a reflexive neck, where
either f = σ (type T ) or f = κ (type C). Suppose h is within  of the cylindrical metric gcyl
on S2× (−4, 4) in the C [1/] topology, then (S2× (−4, 4), h, f) can be continuously deformed
to (S−#S+, h−surg,#h
+
surg,, f), through a reflexive isotopy of positive scalar curvature metrics
which all coincide with h near the ends of S2 × (−4, 4).
Remark 4.34. When we have a reflexive triple (M, g, f) containing two f -isometric -necks
(disjoint from Fix(f)) one can also obtain a suitable reconstruction lemma by simply invok-
ing Lemma 6.3 in [34] for a type D Gromov-Lawson connected sum.
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5. Proof of Theorem 1.2
Following the general scheme presented in the introduction, we shall now proceed to the
proof of Theorem 1.2 by first discussing the necessary steps in the special case when X3 ' D3
(these steps are the object of the next three sections, see below for the key statements,
provided at the beginning of each section). We will then describe the general model triples
we employ (Section 5.4) and present, in Section 5.5, the necessary modifications needed
to handle the case when X3 is not necessarily a disk (but has a topology compatible with
Theorem 1.1). We wrap up everything in Section 5.6, where we also present the analogous
path-connetedness results for MR>0,H≥0,MR≥0,H>0 and MR≥0,H≥0.
5.1. Basis of the induction: a manifold covered by canonical neighborhoods. It is
convenient to introduce a simple definition:
Definition 5.1. A connected reflexive triple (M, g, f) is called a (spherical) model triple if
M = S3, g is the standard (unit) round metric, and f is the standard reflection ρ. More
generally, we shall say that a reflexive triple (M, g, f) is a (spherical) model triple if each
connected component is endowed, when restricting g, with a standard (unit) round metric.
Remark 5.2. Let us consider the statement of Theorem 1.2 in the special case when M ' S3
and Ricg > 0. In this scenario, we know (by [19]) the existence of a reflexive isotopy
connecting (M, g, f) to an endpoint triple of the form (M, g˜, f) where g˜ is a round metric
(which we can always normalize to have, say, scalar curvature equal to 6). Note that (M, g, f)
will not, at least in general, be a model triple. Yet, there exists a diffeomorphism ϕ ∈ D such
that ϕ∗g is indeed the standard round metric, and thus (by Corollary 4.8) we also know that
ϕ∗f = ρ. As a result, possibly modifying the given isotopy via the action of a diffemorphism
we will indeed obtain a continuous path ending at the (spherical) model triple. All arguments
we are about to present, which concern isotopies of classes (i. .e. paths happening in the
moduli spaceM/D) should always be read in relation to this lifting argument, which applies
to the most general situation discussed in Section 5.5 and 5.6.
The key result we prove here can be stated as follows:
Proposition 5.3. Let (M ' S3, g, f) be a connected reflexive 3-manifold having positive
scalar curvature, and being covered by (C, ) reflexive canonical neighborhoods. Then there
exists a reflexive isotopy of classes connecting it to a (spherical) model triple.
Remark 5.4. Consistently with Definition 4.23, when we say that (M ' S3, g, f) is covered
by (C, ) reflexive canonical neighborhoods we mean that any point x ∈ M has a canon-
ical neighborhood, and if x ∈ Fix(f) then such neighborhood can always be taken to be
equivariant in the sense explained above (that is to say: the neighborhood in question is a
reflexive -neck, a reflexive (C, )-cap, or a reflexive component as per Remark 4.24).
Remark 5.5. A simple but important remark, to be kept in mind throughout the proof we
are about to present, is that if (M ' S3, g, f) is a connected reflexive 3-manifold, then
necessarily Fix(f) ' S2. Indeed, Fix(f) is assumed to be separating (cf. Remark 4.4) thus
it must on the one end be connected, and on the other be two-sided thus necessarily (being
M orientable) a genus γ surface for some γ ≥ 0. If we then denote by X (the closure of)
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any of the two fundamental domains of f (i. e. either of the two compact manifolds with
boundary determined by Fix(f) ⊂M) we have that X must be a genus γ handlebody. If we
double (X, g), in the standard sense of pointwise identification of boundary points, then it is
easily checked that the double (namely, in this case, M) is homeomorphic to the connected
sum of exactly γ copies of S2×S1 unless γ = 0 (in which case we obviously obtain M ' S3).
Remark 5.6. In view of the discussion to be presented in Section 5.2, let us add some
comments about the applicability of the statement above. Thus, let (Mi, gi, fi) be a Ricci
flow with surgery (as defined in Theorem 4.26): we know that short before the extinction
time tj+1 <∞, say at time tj+1− η the (possibly disconnected) manifold Mj will be covered
by canonical neighborhoods, that are indeed of reflexive type when centered at points of
Fix(fj). Now, assuming we started with M0 ' S3, all connected components of Mj will also
be diffeomorphic to S3, and can be divided into two families: the reflexive ones (for which we
shall apply Proposition 5.3 above), and the non-reflexive ones, that come in pairs (for which
we shall instead apply, without any modification, Proposition 8.1 in [34]). Of course, when
dealing with a pair of non-reflexive components, say M∗j ,M
∗∗
j if µ ∈ [0, 1] 7→ [g∗µ] is an isotopy
of classes starting at (M∗j , g(tj+1−η)) and ending at a round metric (as provided Proposition
8.1 in [34]), we agree to consider for M∗∗j the isotopy given by µ ∈ [0, 1] 7→ [f ∗j (g∗µ)].
As a result, once Proposition 5.3 is proven we shall have an isotopy at the level of the
disjoint union of connected components (of course, possibly reparametrizing, we can and we
shall assume that all isotopies in question are defined over a common time interval, which
we typically convene to be [0, 1]).
Proof. First of all, if (M, g) is a C-component or an -round component, the desired equivari-
ant isotopy is provided by Hamilton’s normalized Ricci flow (since in both cases the manifold
in question would have positive sectional curvature). This case being ruled out, we have that
each point z of Σ := Fix(f) has a canonical neighborhood that is either a reflexive -neck
(centered at z) or a reflexive (C, )-cap (whose core contains z).
Case 1: for all z ∈ Σ only the latter alternative holds, i. e. z belongs to the core of a
reflexive (C, )-cap K = K(z).
In this case, take any z ∈ Σ and let K be the (C, )-cap in question (for which we write
K = Y ∪ N with, as it is standard notation, Y the core and N the neck of the cap). The
two-dimensional sphere ∂Y does not intersect Σ, (otherwise, by definition of (C, )−cap, one
would find z′ ∈ ∂Y ∩ Σ center of a reflexive -neck) thus it must enclose it (due to the fact
that z ∈ Y ∩ Σ by assumption), in which case clearly M = Y ∪ f(Y ) so M has positive
sectional curvature and the isotopy is, once again, provided by flowing via normalized Ricci
flow.
Case 2: there exists z ∈ Σ that is the center of a reflexive -neck N = N(z).
This can be further divided into two subcases.
Case 2a: there exists z ∈ Σ that is the center of a reflexive neck N containing Σ.
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Let ϕ : N → S2 × (−1/, 1/) be the parametrization of the neck in question (notice that
the neck is necessarily of type C, and in particular Σ = s−1N (0)). We can perform surgery
along the sphere s−1N (8) as described in Section 5 of [34]: we glue two spherical caps (endowed
with the standard initial metric) on either side of such a slice, interpolating the metric g
with the gstd on the domains s
−1
N ([4, 8]) and s
−1
N ([8, 12]). Then we repeat the same procedure,
in a perfectly symmetric fashion, along the sphere s−1N (−8).
Thereby we get a new reflexive manifold (M˜, g˜, f˜) that consists of three connected com-
ponents: a pair (ML, gL), (MR, gR) (two isometric, non-reflexive pieces), and the reflexive
component (MC , gC) (to be thought as the ‘central piece’ of the manifold).
By Corollary 5.2 in [34] we know that (ML, gL) has positive scalar curvature, hence by
Corollary 1.1 therein we know the existence of an isotopy ((gL)µ) of metrics connecting it to
a unit round sphere. We can then consider the isotopy defined by letting (gR)µ := f˜
∗(gL)µ on
MR (where it is understood that we are here considering the restricted map f˜ : MR →ML).
On the other hand, using the fact that g is -close to being cylindrical in N , one can
construct a reflexive isotopy (gC)µ (relying on Lemma 5.3 in [34]) to connect (MC , gC) to a
rotationally symmetric metric (gC)1 on MC .
At this stage, we can pick two (gC)1-antipodal points xC , yC = f(xC) in MC (correspond-
ing to the tips of the caps in the surgery process), together with the other tips xL ∈ML and
MR 3 yR = f(xL) and consider (for any µ ∈ [0, 1]) the type D Gromov-Lawson connected
sum (ML, (gL)µ)#(MC , (gC)µ)#(MR, (gR)µ); we convene that the balls where the metrics are
modified are centered at xL, xC and yC , yR respectively. Thanks to Remark 4.34, we know
that (M, g, f) can be connected, via a reflexive isotopy to (ML#MC#MR, gL#gC#gR, f),
while by Lemma 4.31 we get that (ML#MC#MR, gL#gC#gR, f) can be connected via a
reflexive isotopy to (ML#MC#MR, (gL)1#(gC)1#(gR)1, f). On the other hand, this Rie-
mannian manifold is locally conformally flat (see Remark 4.29 and 4.32), hence, thanks to
Proposition 4.11, isotopic (through reflexive triples) to a (spherical) model triple, which
completes the proof.
So, to summarize, in this case the presence of a neck N containing Σ allows to ‘decouple’
the problem, with the consequence that one can conclude the argument using the tools that
come up in the non-equivariant setting.
Case 2b: for any z ∈ Σ and any reflexive neck N = N(z) centered at z the intersection
∂N ∩ Σ 6= ∅ (thus this intersection shall necessarily consist, by Remark 4.13 of two circles,
the intersection being orthogonal in the neck chart).
Claim: there exists z ∈ Σ that is contained in the core Y of a reflexive (C, )-cap K.
We prove this assertion arguing by contradiction: we will now show that if that were not
the case then M would be diffeomorphic to S2 × S1, contrary to our assumption (we are
working with a sphere). In fact, if the claim above were false then we would prove that any
x ∈ M is the center of an -neck (which is known, by Appendix A of [38], to imply that
M ' S2 × S1).
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Let us see why this is the case, so assume the claim in question does not hold. First, it
must indeed be M = ∪z∈ΣN(z). If not, one could find x∗ ∈ M that is not contained in any
reflexive -neck centered at some point of Σ. Let then z∗ ∈ Σ denote a point of Σ of least
distance from x∗ (this might not be unique, but this is irrelevant for the argument), and let
Λ be a minimizing gedesic segment from x∗ to z∗.
Let N∗ := N(z∗) be a reflexive -neck centered at the point z∗, so that (in particular)
x∗ /∈ N∗. Since each of the two boundary spheres of N∗ is separating (for M ' S3) the curve
Λ must intersect (at least) one of the two spheres, say Γ, and let y∗ be the first intersection
point (when moving from x∗ to z∗). If we then let z′∗ ∈ Σ ∩ Γ be a point of least distance
from y∗, a standard distance-comparison argument shows that
dg(x∗, z′∗) ≤ dg(x∗, y∗) + dg(y∗, z′∗) < dg(x∗, y∗) + dg(y∗, z∗) = dg(x∗, z∗)
for any  small enough (which we are always assuming). Such an inequality obviously con-
tradicts the minimizing property of z∗.
Thus any point ofM is covered by an -neck. But we need something even stronger, namely
that any point of M is actually the center of an -neck. Given x∗ ∈M and said z∗ ∈ Σ a point
of least distance, the very definition of -neck implies that in fact |sN∗(x∗) − sN∗(z∗)| < ζ
for some constant ζ > 0 only depending on the ambient manifold. (Indeed: if (ϕ−1)∗g
were exactly cylindrical the point ϕ(x∗) would belong to the central sphere of the cylinder,
and in general (ϕ−1)∗g shall be -close to the cylindrical metric). Let us say, for notational
simplicity, that ζ = 1. Then on the pre-image set N˜ := ϕ−1(S2 × (−1/, 1/− 2)) one can
define an -neck structure ϕ˜ : N˜ → S2 × (−1/, 1/) (the neck being now centered at x∗) by
letting in the coordinates (x, t) cooresponding to (N∗, ϕ)
ϕ˜(x, t) = (x, `(t)), `(t) = (1− 2)
(
t− 
1− 2
)
.
Thereby our claim is justified.
So let z ∈ Σ be contained in the core Y of a reflexive (C, )-cap K. We can proceed with
the argument assuming that ∂Y ∩ Σ 6= ∅ (else one argues as in Case 1 above). Now, there
exists a reflexive (C, )-cap renamed K such that no point on the sphere ∂K0.9 = s−1N (0.9/)
is contained in the core of a reflexive (C, )-cap that contains K. This is proven exactly as
Claim 1 as at page 843 of [34] (the ‘competitors’ being only the equivariant caps), so we
omit the details.
One can then further obtain a structured chain of reflexive -necks (N1 = N,N2, . . . , Na)
and a reflexive (C, )-cap K˜ such that the following properties are satisfied:
a) (s−1Na(0.9/) ∩ Σ) ∩ Y˜ 6= ∅;
b) s−1
N˜
(0) ⊂ Y ∪ s−1N1(−1/, 0.9/) ∪ . . . ∪ s−1Na(−1/, 0.9/)
c) M = K ∪N2 ∪ . . . ∪Na ∪ K˜.
Here we have adopted the usual notation for caps: K˜ = Y˜ ∪ N˜ , with Y˜ the core and N˜ the
neck. We notice that the case a = 1 is also contemplated, in which case M = K ∪ K˜ is the
union of two caps. The chain is constructed iteratively: by definition of K, we know that
every point in s−1N (0.9/), hence in particular any point in s
−1
N (0.9/)∩Σ (we are intersecting
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with Fix(f)), is contained in either a reflexive -neck or in a reflexive (C, )-cap that does
not contain K. If there is some s−1K (0.9/) ∩ Σ for which the former alternative holds we
take a reflexive -neck N2 centered at that point, and check that this cannot intersect the
left-most quarter of N = N1 (the neck part of K) by distance-comparison. Observe that, as
a result, N2 ∩ Y = ∅ since s−1N (−0.25/) is separating (for we are assuming M ' S3).
We then repeat the process considering s−1N2(0.9/)∩Σ and so on. In the structured chain
of necks one has that s−1Ni ((−0.25/, 0.25/)) ∩ s−1Ni+1((−0.25/, 0.25/)) for any index i, so
by volume comparison the process must terminate after finitely many steps. We thereby
get a reflexive structured chain of -necks (N1 = N,N2, . . . , Na) such that any point z ∈
s−1Na(0.9/) ∩ Σ is contained in the core of a reflexive (C, )-cap.
So let us pick one point z˜ ∈ s−1Na(0.9/) ∩ Σ, and let K˜ be a reflexive (C, )-cap to whose
core it belongs. We claim that for such choice of K˜ properties b) and c) hold as well. Indeed,
set Q = Y ∪ s−1N1(−1/, 0.9/) ∪ . . . ∪ s−1Na(−1/, 0.9/) one has that:
• by distance comparison s−1
N˜
(0) ∩ s−1Na(0.9/) = ∅;
• by the previous step, and by the way we have defined K one has that s−1
N˜
(0) ⊂ Q
(property b));
• by the previous two steps, if we set K˜0 to be the connected component of K˜ \ s−1
N˜
(0)
containing Y˜ one has that Q ∪ K˜0 is open and closed in M thus, by connectedness
of M , we conclude that M = Q ∪ K˜0 ⊂ K ∪N2 ∪ . . . ∪Na ∪ K˜, thus property c).
Once such a distiguished cover of M is obtained, one can follow the procedure presented in
the non-equivariant case (pages 845-849 of [34]) with the following modifications:
• reflexive necks (of type T ) are combined into a single neck structure using Lemma
4.17, provided in Section 4.3;
• reflexive surgery is performed as described in Section 4.4;
• locally conformally flat reflexive components are isotoped employing Proposition 4.11.
We notice that in the case we are dealing with (Case 2b in the ramification above) all
connected components one obtains by means of surgery are reflexive. If (MA, gA, fA) and
(MB, gB, fB) are two reflexive manifolds resulting from performing one surgery on (M, g, f)
and if (gAµ ) and (g
B
µ ) are reflexive isotopies connecting, respectively, such reflexive triples
to (spherical) model triples, then one can invoke on the one hand Lemma 4.33 to assert
that (MA#MB, gA#gB, f) is reflexively isotopic to (M, g, f), and on the other hand, Lemma
4.31 and Proposition 4.11 allow to conclude that (MA#MB, gA#gB, f) is connected, via a
reflexive isotopy, to a (spherical) model triple. Concatenating these two isotopies allows to
conclude the proof. The case when more than one surgery is performed is handled following
the very same scheme modulo notational changes.

5.2. The induction argument, I: connected components. Let (M3i , gi(t), fi) be a re-
flexive Ricci flow with surgery as in Theorem 4.26, where the flow becomes extinct at a
finite time tj+1. For sufficiently small η, the manifold (Mj, gj(tj+1 − η), fj) satisfies the
canonical neighborhood assumption and hence it can be deformed, via an isotopy of classes
going through reflexive metrics, to some, possibly disconnected, (spherical) model triple. By
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backwards induction on the surgery time ti, we will prove that (M0, g0, f0) is isotopic, in the
moduli space, to a (spherical) model triple.
We start with the following lemma.
Lemma 5.7. Assume (M3 ' S3, g, f) is a connected reflexive manifold. Suppose also that
(M3, g, f) is obtained, by performing equivariant Gromov-Lawson connected sums, from (S1unionsq
· · · unionsq SN , g1 unionsq · · · unionsq gN , f ′). If there is a reflexive isotopy of classes connecting (S1 unionsq · · · unionsq
SN , g1unionsq· · ·unionsqgN , f ′) to (S1unionsq· · ·unionsqSN , g1,1unionsq· · ·unionsqgN,1, f ′) where the latter is a (spherical) model
triple, then there exists a reflexive isotopy of classes connecting (M3, g, f) to a (spherical)
model triple.
Recall that asserting the existence of an isotopy of classes to a model triple is the same as
stating the existence of an isotopy of metrics, ending at a model triple, provided we allow
modifying the data (M, g, f) via a diffeomorphism ϕ ∈ D.
Proof. We argue by induction on N .
For the base case, we verify the assertion for N = 1, 2. We need to discuss N = 1 and
N = 2 for the base cases, as the induction step might possibly reduce the case N to the
case N − 2. When N = 1, there is nothing to prove. When N = 2, let (S1, g1), (S2, g2) be
the two connected components. We face an alternative: either both components in question
are non-reflexive or they are both reflexive. In the former case, we invoke Lemma 4.31,
to perform a type C equivariant Gromov-Lawson construction to the family of equivariant
metrics (S1#S2, g1,µ#g2,µ, f), and conclude that (M, g, f) (which we are assuming to be
(S1#S2, g1#g2, f)) is isotopic to (S1#S2, g1,1#g2,1, f), where g1,1 and g2,1 are round metrics.
By Remark 4.29 and 4.32, the connected sum (S1#S2, g1,1#g2,1, f) is locally conformally
flat, hence there exists a reflexive isotopy to a (spherical) model triple. Thus, the conclusion
comes by virtue of the discussion presented in Remark 5.2. In the second case, we also apply
Lemma 4.31 to perform a type T equivariant Gromov-Lawson construction. With the very
same argument one can conclude the base case.
Assume the assertion is true up to a positive integer N − 1, where N > 2. Since M3 is
diffeomorphic to S3, and is obtained by taking equivariant connected sums of S1, · · · , SN ,
there must exists a component, which without loss of generality may assumed to be S1, that
is only connected to one neck. In fact, if all Sj, j = 1, · · · , N , are connected with at least
two necks, then there exists a loop Sj1 , · · · , Sjk , such that each pair (Sji , Sji+1), and (Sjk , Sj1)
are connected via a neck. This produces a non-contractible S1 in M , contradicting the fact
that M ' S3. By assumption, one of the following two possibilities must happen to the
component S1.
Case 1 : S1 is non-reflexive in the disjoint union (S1 unionsq · · · unionsq SN , g1 unionsq · · · unionsq gN , f ′). With-
out loss of generality, assume f ′(S1) = S2. Since there is only one neck connecting S1 in
(M, g, f), there can also be only one neck connecting S2. Notice that since N > 2, S1 and
S2 are not connected via this neck. As a result, the same equivariant Gromov-Lawson con-
struction, applied to (S3unionsq· · ·unionsqSN , g3unionsq· · ·unionsqgN , f ′), produces a connected reflexive manifold
(M ′, g′, f |M ′). By induction, there is an isotopy (M ′, g′µ, f |M ′), µ ∈ [0, 1], with g′0 = g′, g′1
is the round metric. Now we consider M obtained via a type D connected sum, and invoke
Lemma 4.31 to conclude that (M, g, f) is isotopic to (S1#S2#M
′, g1,1#g2,1#g′1, f), where
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g1,1, g2,1, g
′
1 are all the round metrics. Once again, by Remark 4.29 and 4.32, we conclude
relying on the fact that the metric g1,1#g2,1#g
′
1 is locally conformally flat.
Case 2 : S1 is reflexive in the disjoint union (S1 unionsq · · · unionsq SN , g1 unionsq · · · unionsq gN , f ′). Since
there is only one neck connecting S1, there exists a connected reflexive triple (M
′, g′, f |M ′)
that can be realized by performing Gromov-Lawson connected sums from the disjoint union
(S2unionsq· · ·unionsqSN , g2unionsq· · ·unionsqgN , f ′). Thus, by induction, there exists a reflexive isotopy connecting
such a triple to a round one. At that stage, we employ Lemma 4.31 to perform a type T
Gromov-Lawson connected sum of (M ′, g′, f |M ′) and (S1, g1, f ′|S1): since both parts can be
isotoped to the (spherical) model triple, by Remark 4.29 and 4.32, the resulting connected
sum can be connected, via a reflexive isotopy of classes, to the (spherical) model triple.
Possibly appealing, once again, to Remark 5.2, the assertion is proved. 
5.3. The induction argument, II: backward in time. Let us consider the reflexive Ricci
flow with surgery. (Mi, gi(t), fi), 0 ≤ i ≤ j, and let Ai be the assertion:
there is a reflexive isotopy of classes connecting (Mi, gi(t), fi) to (Mi, gi, fi), a (spherical)
model triple.
We also assume that:
Proposition 5.8. Aj holds.
Indeed, notice that such an assertion is just rephrasing Proposition 5.3, which we proved
in Section 5.1. Here we carry out the backward induction argument, and later conclude our
main theorem.
Proposition 5.9. If i < j and Ai+1 holds, so does Ai.
Proof. To start, let us recall some basic notions involved in the equivariant Ricci flow with
surgery. Let, as above, {ri}ji=0 be the canonical neighborhood parameters, {δi}ji=0 be the
surgery control parameters and ρi = δiri. We set Ω(ti+1) := {x ∈Mi : lim inft→ti+1 R(x, t) <
+∞}, Ωρi(ti+1) := {x ∈ Ω(ti+1) : Rgi(ti+1)(x) ≤ ρ−2i }, and define Ωbig(ti+1) as the union of
the finitely many components of Ω(ti+1) that intersect Ωρi(ti+1). Also recall that Ω
big(ti+1)
contains a finite disjoint collection of open sets, called 2-horns, each diffeomorphic to S2 ×
[0, 1), denoted by H1, · · · ,Hl. The δi-neck in each Hk is denoted by Nk, and centered at
yk with Rgi(ti+1)(yk) = h
−2(ri, δi). We denote the central sphere through yk by Sk. Let H+k
the component, separated by Sk, that contains the end of the horn. We also denote N
+
k
the halves of Nk that are contained H+k , and N−k the other halves. Finally, denote Cti+1 the
continuing region, defined as the complement of unionsqlk=1H+k in Ωbig(ti+1). In particular, we do
not change the region Cti+1 in the surgery.
Let us now briefly describe the surgery process in the form proposed by Perelman to
continue the Ricci flow beyond singularities. The region Cti+1 has boundary unionsqlk=1Sk, and
gi(ti+1) is a sufficiently small perturbation of the standard cylindrical metric in Nk. We
perform surgery along Sk, remove N
+
k , add a spherical cap Bk, and obtain Mi+1 = Cti+1 ∪
(unionsqlk=1Bk). By the topological classification of singularities, it is known that the complement
of Cti+1 in Mi is a disjoint union of regions diffeomorphic to S
2 × (0, 1). On these regions,
we perform the surgery along (Mi \ Cti+1) ∪ (unionsqlk=1N−k ), remove the neck regions N−k , add
spherical caps, and obtain finitely many closed three spheres (Pk, gPk), k = 1, · · · ,m. As
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a result, we can recover the manifold Mi by performing the connected sum of Mi+1 with
{Pk}mk=1.
Consider a time t′ ∈ (ti, ti+1) sufficiently close to ti+1, such that Rgi(x, t′) > ρ−2i /2 for
any x ∈ Mi \ Ci+1. The isometric involution fi on (Mi, gi(t′)) induces the involution fi+1
on Mi+1, and an involution f
′
i+1 on (unionsqPk,unionsqgPk), such that Fix(fi), Fix(fi+1) and Fix(f ′)
are all equal, in their common regions of definition. Let g˜t′ be the metric on Mi+1, obtained
after gluing spherical caps to (Cti+1 , gi(t
′)). Then fi+1 is also an isometric involution on
(Mi+1, g˜t′). By Lemma 4.19 (allowing to extend isotopies from necks to caps) and its non-
equivariant counterpart, (Mi+1, g˜t′ , fi+1) and (Mi+1, gi+1(ti+1), fi+1) are isotopic. By the
induction hypothesis Ai+1, it then follows that (Mi+1, g˜t′ , fi+1) can be connected, through a
reflexive isotopy (through positive scalar curvature metrics) to a (spherical) model triple.
By the choice of Ωρi(ti+1), each point x ∈Mi \Ci+1 satisfies Rgi(x, t′) > ρ−2i /2 > r−2i . As a
result, every such x has a (C, ) canonical neighborhood at time t′. In particular, the regions
Pk, k = 1, · · · ,m, are covered by canonical neighborhoods. By Proposition 5.3 (possibly in
combination with Remark 5.2), the manifold (unionsqPk, gPk , f ′i+1) can also be connected, through
a reflexive isotopy (through positive scalar curvature metrics) to a (spherical) model triple.
By Lemma 5.7, the equivariant Gromov-Lawson connected sum, obtained from(
Mi+1 unionsq (unionsqmk=1Pk), g˜t′ unionsq (unionsqmk=1gPk), fi+1 unionsq f ′i+1
)
by suitably reconstructing the necks where surgery has been performed, can be connected
through a reflexive isotopy (of positive scalar curvature metrics) to a (spherical) model
triple. On the other hand, (Mi+1 unionsq (unionsqmk=1Pk), g˜t′ unionsq (unionsqmk=1gPk), fi+1 unionsq f ′i) is also obtained from
(Mi, gi(t
′), fi) by performing surgery. On each neck surgery region parameterized by S2 ×
(−4, 4), the surgery metric
(S−#S+, (gi(t′))−surg,δ#(gi(t
′))+surg,δ, fi)
is isotopic to the corresponding equivariant Gromov-Lawson construction, by Lemma 4.33.
We therefore conclude that (Mi, gi(t
′), fi) is isotopic, through reflexive triples of positive
scalare curvature, to a (spherical) model triple. Finally, we may isotope (Mi, gi(ti), fi) to
(Mi, gi(t
′), fi) through smooth equivariant Ricci flow. Thereby, the assertion Ai is proved.

5.4. Description of the model metrics. We now wish to extend the previous discussion
to general 3-manifolds X3 for which M 6= ∅ (cf. Theorem 1.1). To that scope, the first
(fundamental) step is to define the model triples that will play the role of natural endpoints
for the isotopies we construct.
Let (M1, g1, f1) and (M2, g2, f2) be possibly disconnected reflexive 3-manifolds and assume
that their disjoint union, denoted by (M, g, f) is itself a reflexive 3-manifold. Notice that
we also want to consider the degenerate case M1 = M2, g1 = g2, f1 = f2). Recall that there
are three different types of Gromov-Lawson operations, between M1 and M2, we need to
consider:
i) a type T connected sum, that is obtained by joining two distinct points on Fix(f),
p1 ∈M1, p2 ∈M2 by means of an equivariant neck (whose central portion is) of type
T ;
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ii) a type C connected sum, that is obtained by connecting two distinct f -related points,
p1 ∈ M1, p2 = f(p1) ∈ M2 via an equivariant neck (whose central portion is) of type
C;
iii) a type D double connected sum, that is obtained by by joining two distinct points,
away from Fix(f), p1 ∈ M1, p2 ∈ M2 via a non-equivariant neck, and then perform-
ing the very same construction on the couple of f -related points namely f(p1) ∈
M1, f(p2) ∈M2.
We notice that not all of the three operations may in general be allowed, for instance a
type T connected sum is only possible if both (M1, g1, f1) and (M2, g2, f2) have at least one
reflexive connected component.
Now, given X3 such thatM 6= ∅, and using the same notation as in Theorem 2.1, we can
describe the family of model metrics in the moduli space M/D of M = DX.
Let us first discuss the simpler case when A = 0, namely when
X ' S3#S3/Γ1# · · ·#S3/ΓB#
(
#Ci=1(S
2 × S1)) \ (unionsqDi=1B3i )
In this case, a model metric is any metric that is obtained as follows:
(1) we consider a standard round reflexive 3-manifold, which we will refer to as central
sphere (we agree that the central sphere is normalized so to have unit radius);
(2) we perform exactly D−1 Gromov-Lawson connected sums of type C, each connecting
a pair of f -related points in the central sphere;
(3) we perform non-equivariant Gromov-Lawson connected sums of the central sphere
with S3/Γ1, S
3/Γ2 · · · , S3/ΓB picking base-points in the upper (open) hemisphere,
and then we repeat the same construction in the lower (open) hemisphere;
(4) we perform non-equivariant Gromov-Lawson connected sums of the central sphere
with C copies S2×S1 picking base-points in the upper (open) hemisphere, and then
we repeat the same construction in the lower (open) hemisphere.
In general, if
X ' Pγ1# · · ·#PγA#S3/Γ1# · · ·#S3/ΓB#
(
#Ci=1(S
2 × S1)) \ (unionsqDi=1B3i )
we first need to describe what we mean by genus γ handle of mixed type CT : if we are given
a connected reflexive 3-manifold (M, g, f) we consider a type C Gromov-Lawson connected
sum and then we further perform, along the central sphere of the neck (in particular: in the
region where the metric is exactly cylindrical) exactly γ ≥ 1 type T connected sums, with
endpoints on such central sphere. Of course, one needs to work at two different scales (which
are fixed once and for all) in order for this operation to be well-defined.
That being said, a model metric is any metric on M that is obtained by following this
procedure:
(1) we consider a standard round reflexive 3-manifold, which we will refer to as central
sphere;
(2) we perform exactly γ1 Gromov-Lawson connected sums of type T , connecting pairs
of points on the equator of the central sphere;
(3) we perform exactly D Gromov-Lawson connected sums of type C, each connecting a
pair of f -related points in the central sphere;
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Figure 4. An equivariant neck of mixed type CT.
(4) we perform exactly A− 1 Gromov-Lawson connected sums of mixed type CT , each
connecting a pair of f -related points in the central sphere, and having genera γ2, γ3, . . . , γA
respectively;
(5) we perform non-equivariant Gromov-Lawson connected sums of the central sphere
with S3/Γ1, S
3/Γ2 · · ·#S3/ΓB picking base-points in the upper (open) hemisphere,
and then we repeat the same construction in the lower (open) hemisphere;
(6) we perform non-equivariant Gromov-Lawson connected sums of the central sphere
with C copies S2×S1 picking base-points in the upper (open) hemisphere, and then
we repeat the same construction in the lower (open) hemisphere.
Figure 5. A model metric.
Definition 5.10. We shall say that a reflexive triple (M, g, f) is a model triple if each of its
connected component is endowed, when restricting g, with a model metric as defined above.
We recall from Section 4.1, Corollary 4.8, that if (M, g, f) is a reflexive triple then f is
uniquely determined by g so the involution does not add additional degrees of freedom in
the parametrization of model triples.
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5.5. Handling the general case. Here we wish to first prove the following assertion, per-
taining those manifolds (of positive scalar curvature) covered by canonical neighborhoods.
Proposition 5.11. Let (M3, g, f) be a connected reflexive 3-manifold having positive scalar
curvature, and being covered by (C, ) reflexive canonical neighborhoods. Then M3 is diffeo-
morphic to one of the three manifolds S3, S2 × S1,RP3#RP3 and it can be connected, via a
smooth reflexive isotopy of classes, through metrics of positive scalar curvature to a model
triple.
Proof. First of all, if the manifold in question is a C-component or an -round component
then it follows from Hamilton’s work (cf. Remark 5.2) that there exists a reflexive isotopy
with endpoint a model triple corresponding to a spherical space form S3/Γ (with round
metric). However, by Theorem 2.1 this is only possible if Γ is the trivial group (all non-
trivial spherical space forms must come in pairs in M = DX).
At this stage, we further know (cf. [38]) that any 3-manifold having positive scalar cur-
vature, and being entirely covered by canonical neighborhoods that are either -necks or
(C, )-caps, is diffeomorphic to one of the following four: S3, S2 × S1,RP3,RP3#RP3. If we
further assume that the 3-manifold in question is reflexive (and connected) then, again by
Theorem 2.1, the only possible options are S3, S2×S1,RP3#RP3. We have already discussed
about S3 (see Proposition 5.3), so let us consider the other two cases.
We know, by our topological results, that M = RP3#RP3 is only possible when X is
obtained by removing a ball from RP3 (that is to say when A = 0, B = 1, C = 0, D = 1 and
the only spherical space quotient is determined by the group Z/2Z). Observe that M cannot
be covered by two (C, )-caps, for in this case it would have positive sectional curvature and
thus [19] would force M to be a spherical quotient, contradiction. Thus, one can follow, with
minor modifications, the discussion of cases 2a and 2b we presented for M ' S3 (Section
5.1) replacing type B caps by means of type C caps, both in the covering argument and
in the subsequent construction of the isotopy (for the relevant definitions see [34], Section
7). Actually, we note that Case 2b can be ruled out, when M = RP3#RP3, because of the
separating property we always postulate for Fix(f).
Concerning M ' S2 × S1 we have that either X ' D2 × S1 (in other words: X is a
genus one handlebody) or X ' S2 × I (in other words: a sphere minus two balls). Recall
from Proposition A.21 in [38] that, either way, when M ' S2 × S1 is covered by canonical
neighborhoods then any point of M actually lies in the central sphere of some -neck. In
particular, by [12] (cf. our discussion in Section 4.3), any point in Fix(f) lies on the central
sphere of some reflexive -neck. Therefore, if X ' D2×S1 we have Fix(f) ' S1×S1 hence
any point of Fix(f) is the center of a type T reflexive -neck. If we fix one such neck and
perform surgery along the corresponding central sphere, then we obtain a reflexive triple that
is topologically a 3-sphere, hence by Proposition 5.3 there exists a reflexive isotopy to a model
triple that is just a round sphere. Hence, the conclusion comes by unwinding the previous
surgery operation, namely by invoking Lemma 4.33 followed by Lemma 4.31. Instead, if
X ' S2 × I we have that Fix(f) is the disjoint union of two spheres, hence we can find
a type C reflexive -neck whose central sphere coincides with one connected component of
Fix(f). If we then perform surgery along such a sphere, we can easily conclude as above. 
CONSTRAINED DEFORMATIONS OF PSC METRICS 49
We now discuss how to modify the induction arguments presented when dealing with the
case of a general manifold X3.
Lemma 5.12. Assume (M3, g, f) is a connected reflexive manifold. Suppose also that
(M3, g, f) is obtained, by performing equivariant Gromov-Lawson connected sums, from
(S1 unionsq · · · unionsq SN , g1 unionsq · · · unionsq gN , f ′). If there is a reflexive isotopy of classes connecting (S1 unionsq
· · · unionsq SN , g1 unionsq · · · unionsq gN , f ′) to (S1 unionsq · · · unionsq SN , g1,1 unionsq · · · unionsq gN,1, f ′) where the latter is a model
triple, then there exists a reflexive isotopy of classes connecting (M3, g, f) to a model triple.
Before presenting the proof, let us discuss an enlightening special case and then two useful
remarks which will allow for a more direct argument.
Example 5.13. Let us consider the following toy problem. Let (M, g, f) denote a pair of
round spheres connected by means of a type D Gromov-Lawson double connected sum (so
by two necks). We claim that this triple can be connected, via a reflexive isotopy, to a round
sphere with one handle attached (as a result of a type C Gromov-Lawson connected sum),
denoted by (M, g˜, f). The way the isotopy is constructed is pictorially described in Figure 6
below. One can first perform surgery, in a f -equivariant fashion, on the central spheres of the
two necks of M thereby obtaining two connected reflexive 3-manifolds denoted by (M1 '
S3, g1, f1) and (M2 ' S3, g2, f2). We observe that (M2, g2, f2) is locally conformally flat,
hence can be isotoped to a (compact) round cylinder (M2, g2,1, f2) capped off by performing
surgery along the two boundary spheres (this follows by the fact that both triples can be
equivariantly isotoped to a round sphere using Kuiper’s developing map). Now, it follows by
applying the reconstruction lemma (cf. Lemma 4.33, and Remark 4.34) that (M, g, f) can
be connected via a reflexive isotopy to the type D connected sum (M1 ' S3, g1, f1)#(M2 '
S3, g2, f2); on the other hand the same lemma implies that the type D connected sum
(M1 ' S3, g1, f1)#(M2 ' S3, g2,1, f2) is isotopic to the triple (M, g˜, f). We conclude by
simply concatenating the two isotopies.
Remark 5.14. With respect to the statement of Lemma 5.12, consider the case N = 2, that is
to say a Gromov-Lawson equivariant sum of two model triples. Now, let us denote by S ′i the
subset of the central sphere of Si that is unaffacted by the connected sums defining (Si, gi, f
′),
so the region of Si consisting of those points having (at least) a positive, preassigned, distance
from the boundary of each ball where the Gromov-Lawson constructions are performed.
Furthermore, for i = 1, 2 let N ′i ⊂ Ni ⊂ Si be the set of points on the union Ni of type C necks
of Si that are unaffected by potential, subsequent type T connected sums determining necks
of mixed type CT . Then, let us consider a Gromov-Lawson equivariant sum of (M1, g1, f1)
and (M2, g2, f2). We observe that by suitably moving the basepoints for the construction,
and pulling back the resulting metrics via diffeomorphisms, we can always assume that any
basepoint p1 belongs to S
′
1 ∪ N ′1, and similarly any pasepoint p2 belongs to S ′2 ∪ N ′2. This
relies on Proposition 4.31.
Remark 5.15. The operation of moving basepoints, however, does not allow to ‘resolve’ the
following situation. With the same notation as above, we might have a type T connected
sum of the two model triples, with basepoints located (either in one or in both cases) on the
unaffected area of type C necks, namely on N ′1 ⊂ N1 ⊂ S1 and N ′2 ⊂ N2 ⊂ S2. We wish to
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Figure 6. A standard isotopy: inflating/deflating a sphere.
prove that such a reflexive 3-manifold, denoted by (M, g, f) and which is not a model triple
can be connected, via a reflexive isotopy, to a model triple. The idea is that, following the
argument presented in Example 5.13 above, we can first construct a reflexive isotopy that
inflates the necks N1, N2 to round spheres, and then (using Kuiper’s develeoping map, cf.
Proposition 4.11) we can isotope the type T connected sums of those two spheres (formerly
N1, N2) into a single round sphere. By repeating this operation finitely many times, one can
then always reduce to the case when a Gromov-Lawson equivariant sum of two model triples
has basepoints in the unaffected region of the central spheres (what we denoted by S ′i ⊂ Si).
We now build on these observations to prove Lemma 5.12.
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Figure 7. Reduction to model metrics.
Proof. We let k ∈ N denote the number of equivariant Gromov-Lawson operations connecting
any possible pair of distinct reflexive 3-manifolds in our connected sum, namely (Si, gi, fi)
to (Sj, gj, fj) for i, j ∈ {1, . . . , N, } and i 6= j. (We notice that with our conventions k =
kT + kC + kD/2 where kT , kC , kD denote the numbers of connecting necks of type T,C,D
respectively).
Thanks to Remark 5.14 and 5.15 above, we can assume, without loss of generality, that
the basepoints for each connecting neck (of any type) are taken in the unaffected domain S ′i
of the central sphere of Si, for any i ∈ {1, . . . , N}.
Now we proceed by induction on k ≥ 0 and let P(k) denote the proposition we wish to
prove. If k = 0 there is nothing to prove, for there are no connected sums performed and
thus necessarily N = 1 so we already have a model triple. We further need to discuss, as
base case, k = 1 since the inductive scheme might employ the assertion P(k − 2) to obtain
P(k). So, when k = 1 there is only one connected sum. Thus necessarily N = 2. If the
Gromov-Lawson connected sum is of type T or of type C, we simply observe that the two
central spheres of S1 and S2, together with that connecting neck, can be isotoped to a round
sphere (again using the developing map, see Proposition 4.11, so that the conclusion comes
by simply invoking Lemma 4.31). If instead the equivariant Gromov-Lawson connected sum
in question is of type D, we need more care. Since (M, g, f) is assumed to be connected, we
can assume (without loss of generality) that (S1, g1, f
′
|S1) is a connected reflexive manifold.
There are two cases: either (S2, g2, f
′
|S2) is also a connected reflexive manifold, or it shall
instead consist of exactly two connected components. Let us start discussing the first case.
To fix the notation, say that S2 is obtained by attaching to the central sphere the other
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pieces following the procedure described in Section 5.4. So, we consider all connected sums
that are performed to produce S2 starting from its central sphere only and transfer all pieces,
except the necks associated to type T connected sums, to S1 moving the basepoints, in an f -
equivariant way, through the two necks connecting S1 and S2. This operation is well-defined
by virtue of Lemma 4.31. Thus, we have reduced to the case when S2 is just a central sphere
with finitely many type T necks attached along its equator. If we deflate it, reverting the
isotopy constructed in Example 5.13 we obtain a mixed neck to type CT (possibly just a neck
of type C) and we have that (M, g, f) can be connected, via a reflexive isotopy, to a model
triple. In the case when (S2, g2, f
′
|S2) is a disconnected reflexive manifold, we can employ
Lemma 4.31 to isotope (through metrics of positive scalar curvature) (M, g, f) to the type
D connected sum of a (connected) model triple and two round spheres: using the developing
map we can then merge the central sphere of the model triple and such two spheres, through
an isotopy, to a single sphere; it follows, again by Lemma 4.31, that (M, g, f) ca be isotoped
to a model triple. Thereby we have completed the discussion of the base of the induction
and can move to the inductive step.
So, let us assume the implication is true for k = 0, 1, . . . , a − 1 and let us prove it for
k = a ≥ 2. If (M, g, f) is obtained by performing at least one connected sum of type T or
type C then we argue in the same fashion, as we shall now indicate. If the central 2-sphere
of the neck in question is not separating then by the induction hypothesis and Lemma 4.31
we have that (M, g, f) is isotopic to a model triple with one extra equivariant neck attached,
corresponding to either a type T connected sum or a type C connected sum: either way, by
the very definition of model metrics, we have that (M, g, f) is itself a model triple. If instead
the central 2-sphere of the neck in question is separating, then we have that, by neglecting
the neck in question, M gives rise to two equivariant triples, to each of which the inductive
hypothesis applies: hence (M, g, f) is connected, via a reflexive isotopy, to the type T or
type C connected sum of two model triples, at which stage one can conclude arguing as we
did above for the k = 1 case. Finally, we need to consider the case when (M, g, f) is obtained
from the building blocks by only performing equivariant connected sums of type D. Here we
have two subcases. If there exists a pair indices i 6= j such that Si, Sj are connected by means
of at least two type D connected sums (i. e. at least four necks) we can use the inductive
hypothesis to equivariantly isotope (M, g, f) to a model triple with two f -associated handles
attached, so again a model triple.
If instead any pair Si, Sj is connected by exactly one pair of necks then we consider S1, S2,
and assume (possibly renaming, without loss of generality) that (S1, g1, f
′
|S1) is a connected
reflexive triple. We then repeat the argument for the type D connected sum in the k = 1
analysis and isotope that pair to a model triple; thus, we can conclude thanks to the inductive
hypothesis, applied for k − 1. 
The second inductive argument, presented in Section 5.3, can be transplanted (with purely
notational changes) to the case of general X3. Hence, Proposition 5.11 and Lemma 5.12 allow
to complete the proof of Proposition 1.5.
5.6. Conclusions: path-connectedness theorems. We will now exploit the equivariant
isotopy obtained above to complete the proof of Theorem 1.2. Given X3 as in that statement,
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we let O the associated subset of model metrics restricted to X (i. e. with slight abuse of
language we are consider the ‘upper half’ of a model manifold M = DX). Notice that, since
we can move basepoints, rotate the defining orthonormal bases and change the parameters
that appear in the Gromov-Lawson construction, it is easily checked that (for any fixed X)
the quotient OD := O/D is path-connected.
Proof. First of all, we observe that since OD is compact and path-connected the construction
we presented in Appendix C (see, in particular, Lemma C.1) allows to define a continuous
map J : OD →M/D, whose image shall be denoted by O˜D.
Given (X3, g0) a manifold of positive scalar curvature and (strictly) mean-convex bound-
ary, we can combine Proposition 1.4 and Proposition 1.5 to derive an isotopy of classes ([gµ]),
contained in the quotient setMR>0,H≥0/D with endpoint (the equivalence class of) a model
metric.
Invoking Lemma C.2 (with the path (gµ) as input), we can then obtain a new isotopy of
classes starting at [g0] and ending at an element of O˜D. Such set, being the continuous image
of a path-connected set, is itself path-connected and so will beM/D, which is what we had
to prove.

More generally, we have the following statement:
Theorem 5.16. Let X3 6' S1 × S1 × I be a connected, orientable, compact manifold with
boundary. Then each of the following spaces, when not empty, is path-connected
i) MR>0,H>0/D;
ii) MR>0,H≥0/D;
iii) MR≥0,H>0/D;
iv) MR≥0,H≥0/D.
In the special case when X3 ' D3 then the corresponding four spaces of metrics are also
path-connected.
We recall that the borderline case when X3 6' S1×S1× I has already been characterized
in Corollary 2.6.
Proof. The path-connectedness of the space i) is precisely the content of Theorem 1.2. The
conclusion for ii) and iii) follow from Theorem 1.2 by means of Lemma C.1 and Lemma C.3,
respectively. The conclusion for iv) is obtained by reduction to one of the previous cases by
means of on Proposition 2.5. The final statement, concerning the three-dimensional disk, is
derived from the previous one by simply invoking the theorem of J. Cerf [10] ensuring the
path-connectedness of D+(D3). 
6. Motion through PSC metrics with minimal boundary
The main statement we prove in this section is as follows:
Theorem 6.1. Let X3 6' S1 × S1 × I be a connected, orientable, compact manifold with
boundary. Then each of the following moduli spaces, when not empty, is path-connected
i) HR>0,H=0/D;
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ii) HR≥0,H=0/D.
In the special case when X3 ' D3 then the corresponding two spaces of metrics are also
path-connected.
In fact, this result is obtained by combining Proposition 1.5 above (which provides a path
through totally geodesic boundaries) and the deformation result below, which is a refinement
of the argument we presented in Section 3.
Proposition 6.2. Let X3 be a connected, orientable, compact manifold with boundary, en-
dowed with a Riemannian metric g ∈ HR>0,H=0. Then there exists a continuous path of
smooth metrics on X3, µ ∈ [0, 1] 7→ gµ ∈ HR>0,H=0, such that g0 = g and g1 has totally
geodesic boundary. (X3, g1) doubles to a smooth Riemannian manifold of positive scalar
curvature.
6.1. Conformal deformations with oblique boundary conditions. In order to perform
the doubling construction (starting from a metric in HR≥0,H=0), we may first need to deform
our background metric to strictly positive scalar curvature (whenever such a deformation is
allowed).
Lemma 6.3. Let (X3, g) be a connected, orientable, compact Riemannian manifold, such
that the scalar curvature of g is everywhere zero, and each boundary component is a minimal
surface with respect to g. Suppose that either Ricg is not identically zero, or ∂X is not
totally geodesic with respect to g, then there is a small (isotopic) smooth perturbation g′ of
g, such that the scalar curvature of g′ is strictly positive and every connected component
of ∂X is minimal. If instead Ricg is everywhere zero, and all the components of ∂X are
totally geodesic, then there exists a compact interval I ⊂ R such that (X, g) is isometric to
S1 × S1 × I equipped with a flat metric.
Proof. When (X3, g) is not Ricci flat, we can argue as in the proof of Proposition 2.5, case
i). Therefore, assume that Ricg = 0 in X, and some boundary component Σ of X is
(minimal but) not totally geodesic. By virtue of the variational characterization of the first
eigenvalue of the Jacobi eigenvalue, it is seen at once that Σ is unstable, thus we consider
the normal deformations Σ(tf) = {expx(−tf(x)ν(x)) : x ∈ Σ} defined by the associated
first eigenfunction (taken positive and normalized, as usual) which determine subdomains
Xt ⊂ X whose boundary component Σ(tf) is (strictly) mean-convex. Note that the boundary
components of ∂X that are totally geodesic in metric g are not modified. On Xt, we solve the
elliptic eigenvalue problem (for the conformal Laplacian with oblique boundary condition):{
∆gut = −λ1(t)ut in Xt,
∂ut
∂ν
= −1
4
H(tf)ut on ∂Xt,
where λ1(t) is the first eigenvalue. Multiplying both sides by ut and integrating over Xt, we
have that
λ1(t)
∫
Xt
u2tdV olg =
1
4
∫
∂Xt
H(tf)u2tdSg +
∫
Xt
|∇gut|2dV olg,
which implies that λ1(t) > 0 for t ∈ (0, ). In particular, the Riemannian manifold (Xt, u4tgt)
has strictly positive scalar curvature and minimal boundary. We then define the correspond-
ing metrics on X by means of the obvious diffeomorphism φt : X → Xt. 
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Corollary 6.4. Let X3 be a connected, orientable, compact manifold with boundary. Then
HR>0,H=0 6= ∅ ⇐⇒ HR≥0,H=0 6= ∅
unless X3 ' S1×S1×I (in which case the space HR≥0,H=0 only contains flat metrics, making
the boundary totally geodesic).
Corollary 6.5. Let X3 be a connected, orientable, compact manifold with boundary, such
that HR≥0,H=0 6= ∅. Then either X ' S1 × S1 × I or there exist integers A,B,C,D ≥ 0,
such that X is diffeomorphic to a connected sum of the form
Pγ1# · · ·#PγA#S3/Γ1# · · ·#S3/ΓB#
(
#Ci=1(S
2 × S1)) \ (unionsqDi=1B3i ).
Here: Pγi, i ≤ A, are genus γi handlebodies; Γi, i ≤ B, are finite subgroups of SO(4) acting
freely on S3; B3i , i ≤ D, are disjoint 3-balls in the interior. Viceversa, any such manifold
supports Riemannian metrics of positive scalar curvature and minimal boundary.
6.2. A modification of the Gromov-Lawson doubling scheme. We shall now present
the proof of Proposition 6.2.
Proof. Let 0 > 0, to be chosen later, be small enough that ∂X ⊂ X has a tubular neigh-
borhood of width 50 and define, for t ∈ (0, 50) the set Xt := {x ∈ X : dg(x, ∂X) ≥ t}. For
any such domain, we modify the metric g by solving the principal eigenvalue problem:
(6.1)
{
∆gut − 18Rgut = −λ1(t)ut in Xt,
∂ut
∂ν
= −1
4
Htut on ∂Xt,
where Ht is the mean curvature of ∂Xt with respect to the outward-pointing normal vector
field. It follows from Lemma A.1 that the couple (λ1(t), ut) varies smoothly with respect to
the parameter t. In particular, since (0, 50) 3 t 7→ λ1(t) is continuous, and λ1(0) > 0 (since
we assumed g ∈ HR>0,H=0), we conclude that, for 0 small enough (fixed from now onwards)
and t ∈ [0, 50], one has indeed λ1(t) > 0. Denote X ′ = X20 and let u˜ ∈ C∞(X) be a
smooth extension of u20 : then for η ∈ (0, 0) sufficiently small, the metric u˜4g, restricted
to X2(0−η), has positive scalar curvature. Hence, we set X˜ = X2(0−η) (which will play
the role of ambient manifold in the following doubling construction) and X ′′ = X40 . We
shall now produce a path of metrics on X ′′ connecting g′′ = u440g to a suitable metric with
positive scalar curvature and totally geodesic boundary, through metrics with positive scalar
curvature and minimal boundary.
We endow M ' DX, with a non-smooth metric gM , by identifying it with
T(X
′) = {(x, h) ∈ X˜ × R : dX×R((x, h), X ′ × {0}) = },
for  ∈ (0, η) to be chosen later. Let RT(∂X′) be the scalar curvature of T(∂X ′) in X˜×R, and
HZθ be the mean curvature of the sublevel set Zθ in T(∂X
′). It follows from the calculations
we presented in the proof of Lemma 3.2, see in particular equations (3.3) and (3.1), that
RT(∂X
′) = RX×R + cos(θ)O(1), HZθ = O(),
for  ∈ (0, η). In particular, there exists θ0 > 0 independent of , such that in the region
defined by θ ∈ [pi
2
− θ0, pi2 ], we have RT(∂X
′) > 0 uniformly in .
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θ0
X˜
X
′′
ǫ
Figure 8. The Gromov-Lawson doubling construction, adapted to the mini-
mal case.
As in Section 3, we identify M ′± ∼= X ′, M ′′± ∼= X ′′, we employ the notation u± to denote
the signed distance function in M (with respect to the initial metric g) to ∂M ′± and, for
u ∈ [−20, 0], denote by S±u the set of points in M± at signed distance u from ∂M ′±, and M±u
the connected component with boundary S±u that contains M
′′
±. For notational simplicity,
we will write u,Mu, Su in lieu of u+,M
+
u , S
+
u , respectively.
For each  ∈ (0, η), we apply Miao’s smoothing construction described in Section 3.2, along
the interface S0, in the region where u ∈ [−δ, δ]. Here δ = δ() will be chosen later, and at
this stage we only require that δ < min {/2,  sin(θ0/2)}, so that we have a positive lower
bound for the scalar curvature of Mu \ S0 when u ∈ [−δ, 0) ∪ (0, δ]. Precisely, for the metric
gM = c(u)du⊗ du+ a(u),
and for fixed cut-off functions φ, ψ ∈ C∞c (R) as in Section 3.2, define cδ(u) and aδ(u) by
means of equation (3.5). Then,
gMδ = cδ(u)du⊗ du+ aδ(u)
is a smooth Riemannian metric that agrees with gM outside the region defined by |u| < δ/2.
Moreover, following the proof of Proposition 3.3, there exists a constant C > 0 (independent
of the choices of the parameters  and δ) and a positive function ω : (0, η) → R such that
the scalar curvature RgMδ and the mean curvature H
Su
gMδ
satisfy the following conditions:
RgMδ > −ω() for u ∈ [−δ, δ]
RgMδ > C for u ∈ [−0,−δ) ∪ (δ, δ∗)
RgMδ > −C−1 for u ∈ [δ∗, 0],
, and |HSu
gMδ
| < C−1, for u ∈ [−0, 0)
where we have defined δ∗ ∈ (0, 0) to be the only solution of the equation f1(u) =  sin(θ0);
of course S0 is totally geodesic with respect to g
M
δ . Thanks to these estimates, one can
choose δ = δ() small enough that ‖(RgMδ )−‖L3/2(M,gMδ ) < 1 (to make sure that the constant
in Moser’s Harnack inequality is uniform) and ‖(RgMδ )−‖L1(M,gMδ ) < C.
Then, a straightforward modification of Lemma A.2 (dealing with the inhomogeneous
Neumann boundary condition) implies that, for  small enough, the principal eigenvalue
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defined by
(6.2)
{
∆gMδ φu − 18RgMδ φu = −λ1(u)φu in M+u ,
∂φu
∂ν
= −1
4
HSu
gMδ
φu on ∂M
+
u ,
is positive for all u ∈ [−20, 0]. As a result, the metrics defined on M+u by φ4ugMδ have
positive scalar curvature and minimal boundary. Finally, we conclude that (X, g) can be
deformed, through metrics in HR>0,H=0, to a positive scalar curvature metric with totally
geodesic boundary, by taking the following concatenation of paths.
• For µ ∈ [0, 1], the metrics (1−µ+µu0)4g, where u0 is the first eigenfunction defined
by (6.1) on X = X0, produce an isotopy from (X, g) to (X, u
4
0g).
• For t ∈ [0, 40], take the pull-back of the metrics (Xt, u4tg) through the diffeomor-
phisms Ψt : X → Xt, where ut is the first eigenfunction of (6.1) on (Xt, g).
• For u ∈ [−20, 0], take the pull back of the metrics (M+u , φ4ugMδ ), where φu is the first
eigenfunction of (6.2) on M+u , through the diffeomorphism identifying X with M
+
u .
Like we observed in Section 3.3, (M+0 , φ
4
0
gMδ ) doubles to a smooth reflexive manifold, which
completes the proof. 
Appendix A. Conformal deformations via Neumann eigenfunctions
In this section, let us denote by (X3, g) a compact Riemannian manifold with boundary.
Given f ∈ L2, we shall be concerned with an elliptic eigenvalue problem for a Schro¨dinger
operator of the form
Lφ = ∆gφ− fφ
under a Neumann boundary condition, that is to say
∂φ
∂ν
= 0
where ν is the outward-pointing, unit normal vector field along ∂X.
It is well-known that there exists a sequence of eigenvalues {λi}, and associated eigenfunc-
tions {φi} so that for every i ≥ 1 one has{
Lφi = −λiφi on X
∂φi
∂ν
= 0 on ∂X;
the family {φi} is an Hilbertian basis for L2.
The first eigenvalue has the variational characterization
λ1 = inf
φ∈H1\{0}
∫
X
(|∇φ|2 + fφ2)dV olg∫
X
φ2dV olg
which easily implies that it has unit multiplicity (i. e. it is simple) and the associated
eigenfunction can be taken to be everywhere positive on X. In this article, we tacitly adopt
the following convention: the first eigenfunction is chosen to be positive and of unitary L2
norm.
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We need to present two additional facts about the first Neumann eigenvalue when the
function f varies smoothly in a family satisfying certain uniform bounds, which are inspired
by the situation arising in the regularization scheme given in Section 3 of [36].
The first result concerns the dependence of λ1 on both the data f and a possibly varying
background metric g.
Lemma A.1 (cf. Lemma A.1 in [33]). Let Ω ⊂ Rd be open, and suppose Ω 3 p 7→ g(p) is
a smooth family of metrics on a compact manifold X. Let p 7→ L(p) be a smooth family of
self-adjoint second order linear elliptic operators of the form
L(p) = ∆g(p) − fp
whose coefficients depend smoothly on p, and whose first eigenvalue λ1(g) has a one-dimensional
eigenspace (which holds true for ∂X 6= ∅ under Neumann boundary conditions). Then
λ1 : Ω → R is smooth, and there exists a smooth map u : Ω × X → R so that u(p, ·) is
a normalized, positive eigenfunction of L(p) with Neumann eigenvalue λ1(p).
The second result provides a sufficient condition for the first eigenvalue to be uniformly
positive as we smoothly vary some parameter.
Lemma A.2. In the setting of Lemma A.1, let Ω = [0, 1]× (0, δ0) and consider
(1) a smooth family of metrics g = g(µ, δ) satisfying g(µ, δ) = g(µ) for all (µ, δ) ∈ Ω;
(2) data f(µ,δ) satisfying
sup
x∈X
|f(µ,δ)(x)| ≤ κ
and assume that there exist sets X1 = X1(µ, δ) ⊂ X, with smooth boundary, such
that V olg(µ,δ)(X1) ≤ CδV olg(µ,δ)(X) and f(µ,δ) ≥ κ1 > 0 on X \ X1, where C, κ, κ1
are independent of δ.
Then there exists δ1 ∈ (0, δ0) such that λ1 = λ(µ,δ)1 ≥ λ∗ > 0 uniformly for all possible pairs
(µ, δ) ∈ [0, 1]× (0, δ1) ⊂ Ω.
Proof. (The argument below is close to the proof of Lemma 4.1 in [32]). Since we have
assumed supp∈X |f(µ,δ)(p)| ≤ κ, the following inequality holds true for any function φ ∈
H1(X) \ {0}: ∫
X
(|∇φ|2 + f(µ,δ)φ2)dV olg(µ,δ)∫
X
φ2dV olg(µ,δ)
≥
∫
X
−(f(µ,δ))−φ2dV olg(µ,δ)∫
X
φ2dV olg(µ,δ)
≥ −κ.
Here f− = 12(|f | − f) represents the negative part of a function f . By the variational
characterization of the first eigenvalue, this implies that λ
(µ,δ)
1 ≥ −κ. On other hand, by
simply choosing φ = 1 we get that λ
(µ,δ)
1 ≤ κ, and thus we have a uniform L∞ bound on the
principal eigenvalue.
Let φ
(µ,δ)
1 be the first eigenfunction associated to λ
(µ,δ)
1 (under the above normalization
condition). Then φ
(µ,δ)
1 is positive, and solves the elliptic problem{
(∆g(µ,δ)φ
(µ,δ)
1 − f(µ,δ) + λ(µ,δ)1 )φ(µ,δ)1 = 0 on X
∂νφ
(µ,δ)
1 = 0 on ∂X.
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We shall now prove the statement with
λ∗ = min
{
1,
1
2
C−20 κ1
}
,
for C0 a constant that only depends on the metric g and κ.
Assume that λ
(µ,δ)
1 ≤ 1. By Moser’s Harnack inequality, considering the equation solved
by φ
(µ,δ)
1 and recalling the uniform bound on λ
(µ,δ)
1 , we can indeed find a constant C0, as
claimed above, such that
sup
p∈X
φ
(µ,δ)
1 (p) ≤ C0 inf
p∈X
φ
(µ,δ)
1 (p).
Relying on this fact, we can then write the following chain of inequalities:
λ
(µ,δ)
1 = ‖φ(µ,δ)1 ‖−2L2(X)
∫
X
(|∇φ(µ,δ)1 |2 + f(µ,δ)(φ(µ,δ)1 )2)dV olg(µ,δ)
≥ ‖φ(µ,δ)1 ‖−2L2(X)
(∫
X
(f(µ,δ))+(φ
(µ,δ)
1 )
2dV olg(µ,δ) −
∫
X
(f(µ,δ))−(φ
(µ,δ)
1 )
2dV olg(µ,δ)
)
≥ ‖φ(µ,δ)1 ‖−2L2(X)
(
inf
X
(φ
(µ,δ)
1 )
2
∫
X
(f(µ,δ))+dV olg(µ,δ) − sup
X
(φ
(µ,δ)
1 )
2
∫
X
(f(µ,δ))−dV olg(µ,δ)
)
= C−20 V olg(µ,δ)(X)
−1
(∫
X
(f(µ,δ))+dV olg(µ,δ) − C40
∫
X
(f(µ,δ))−dV olg(µ,δ)
)
thus by our assumptions on the data f(µ,δ) and on the set X1 we derive
λ
(µ,δ)
1 ≥ C−20 V olg(µ,δ)(X)−1
(
(V olg(µ,δ)(X)− V olg(µ,δ)(X1))κ1 − C40V olg(µ,δ)(X1)κ
)
≥ C−20 κ1 − (C20Cκ+ C−20 Cκ1)δ.
Hence λ
(µ,δ)
1 ≥ λ∗ provided we choose δ < δ1 for
δ1 =
C−20 κ1
2(C20Cκ+ C
−2
0 Cκ1)
.

Appendix B. Convex curvature conditions
Here, we would like to discuss why the curvature conditions appearing in our main theo-
rems are convex within any given conformal class. The result we provide is the following:
Lemma B.1. Let n ≥ 3, and let (Xn, g) be a compact Riemannian manifold with boundary.
We have that the following sets are convex:
i)
{
u ∈ C∞>0(X) : Ru4/(n−2)g > 0
}
ii)
{
u ∈ C∞>0(X) : Ru4/(n−2)g ≥ 0
}
iii)
{
u ∈ C∞>0(X) : Hu4/(n−2)g > 0
}
iv)
{
u ∈ C∞>0(X) : Hu4/(n−2)g ≥ 0
}
where Rg˜ denotes the scalar curvature of (X, g˜), while Hg˜ denotes the mean curvature of its
boundary. In particular, the sets defined in i) and iii) are strictly convex. Hence, denoted
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by [g] the conformal class of the metric g, the sets
M[g]R>0,H>0 := {g˜ ∈ [g] : Rg˜ > 0, Hg˜ > 0} ,
M[g]R>0,H≥0 := {g˜ ∈ [g] : Rg˜ > 0, Hg˜ ≥ 0} ,
M[g]R≥0,H>0 := {g˜ ∈ [g] : Rg˜ ≥ 0, Hg˜ > 0} ,
M[g]R≥0,H≥0 := {g˜ ∈ [g] : Rg˜ ≥ 0, Hg˜ ≥ 0} ,
are also convex, thus contractible.
Proof. If we let g˜ = u4/(n−2)g, we know that the scalar curvature changes according to the
equation
(B.1) Rg˜ = u
−n+2
n−2 (Rgu− c(n)∆gu)
while the mean curvature of the boundary obeys the law
(B.2) Hg˜ = u
− n
n−2
(
Hgu+
c(n)
2
∂u
∂ν
)
where ν denotes the outward-pointing unit normal to ∂X, and we have conveniently intro-
duced the constant c(n) = 4(n− 1)/(n− 2). Therefore, it follows that for any λ1, λ2 ∈ [0, 1]
with λ1 + λ2 = 1 one can write
R(λ1u1+λ2u2)4/(n−2)g
= λ1
(
λ1u1 + λ2u2
u1
)−n+2
n−2
R
u
4/(n−2)
1 g
+ λ2
(
λ1u1 + λ2u2
u2
)−n+2
n−2
R
u
4/(n−2)
2 g
and similarly
H(λ1u1+λ2u2)4/(n−2)g
= λ1
(
λ1u1 + λ2u2
u1
)− n
n−2
H
u
4/(n−2)
1 g
+ λ2
(
λ1u1 + λ2u2
u2
)− n
n−2
H
u
4/(n−2)
2 g
.
Given these two formulae, all conclusions are straightforward. 
Remark B.2. The same conclusion as in i) applies, as a special case, to compact manifolds
without boundary. In particular, the subset R[g] is convex, thus contractible.
Appendix C. Conformal deformations via cutoff functions
In this appendix, we explain how to deform Riemannian metrics on a compact 3-manifold
in order to increase the mean curvature of the boundary without significantly decreasing the
scalar curvature in the interior. For expository convenience, we shall first present the case
when the deformation only involves a given metric, and then discuss the uniform deformation
of a continuous path.
Lemma C.1. Let n ≥ 3, and let (Xn, g) be a compact Riemannian manifold with boundary.
If (X, g) has positive scalar curvature and weakly mean-convex boundary, there exists a con-
tinuous path of smooth metrics [0, 1] 3 µ 7→ gµ ∈ MR>0,H≥0 such that g(0) = g and for any
µ > 0 one has in fact gµ ∈MR>0,H>0.
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Of course, by continuity one can always accomodate the requirement that the scalar cur-
vature of the endpoint metric of the path be larger than, say, inf R(g)/2.
Proof. Consider a smooth, non-increasing convex function ψ : [0,∞)→ [0,∞) such that
ψ(t) =
{
1− t if 0 ≤ t ≤ 1/2;
0 if t ≥ 1,
and for η,  ∈ (0, 1) set
φη,(t) = 1 + ηψ (t/η) .
Let us assume, for the sake of simplicity, that ∂X is connected (the case of multiple connected
components is handled working one connected component at a time). If we pick η smaller
than the size of a tubular neighborhood of ∂X in (X, g) and let z denote the distance function
from ∂X, one can consider a conformal metric of the form φ
4/(n−2)
η, (z)g: we have that (by
equations (B.1) and (B.2)) one can choose
 < Cη
inf R(g)
2
,
where C only depends on n and the function ψ, so that this metric has scalar curvature
bounded from below by inf R(g)/2 and boundary mean curvature bounded from below by
/2. The desired path gµ is then obtained by simply varying the parameter in the above
construction, namely setting for µ ∈ [0, 1]
gµ = φ
4/(n−2)
η,µ (z)g.

Lemma C.2. In the setting above, let [0, 1] 3 µ 7→ αµ ∈ MR>0,H≥0 be a continuous path of
smooth metrics on X and suppose that ∂X is strictly mean-convex with respect to α0. Then
there exists a continuous path [0, 1] 3 µ 7→ α˜µ ∈MR>0,H>0 such that α˜0 = α0 and α˜1 can be
chosen depending on α1 only.
Proof. We simply consider a parametric version of the construction presented above for
Lemma C.1: for µ ∈ [0, 1] we shall set
α˜µ = φ
4/(n−2)
ηµ,µ (zαµ)αµ.
The size ηµ of the tubular neighborhood of ∂X in metric αµ can be bound uniformly, by
compactness of [0, 1] and continuous dependence of the injectivity radius of ∂X with respect
to C2 variations of the metric (see Ehrlich [13]), and one takes
µ = Cηµµ
inf R(αµ)
2
.
We obtain the desired path α˜µ by varying µ ∈ [0, 1]. 
There also exist dual deformation results that allow to slightly bump-up the scalar curva-
ture at the interior at the price of decreasing the mean curvature of the boundary. For our
purposes, we shall only need the following statement.
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Lemma C.3. Let (Xn, g) be a compact n-manifold of non-negative scalar curvature and
(strictly) mean-convex boundary. Then there is a continuous path of smooth metrics [0, 1] 3
µ 7→ gµ ∈MR≥0,H>0 such that g0 = g, and for any µ > 0 one has in fact gµ ∈MR>0,H>0.
Proof. With the same notation as in the proof of Lemma C.1, consider the smooth family of
functions
φˇη,(t) = 1− ηψ (t/η)
which are positive for all  sufficiently small. Then, when pre-composing with the distance
function z from ∂X we observe that ∆g(φˇη,(z)) ≤ 0 on X, with strict inequality near the
boundary. With this conformal factor, the metrics gˇµ = φˇ
4/n−2
η, (z)g, µ ∈ [0, 1] form a smooth
family such that Rgˇµ ≥ 0, Rgˇµ > 0 somewhere, and Hgˇµ > 0 for  sufficiently small. For each
µ ∈ [0, 1], consider the eigenvalue problem
λ1(gˇµ) =
∫
X
(c(n)|∇gˇµζ|2 +R(gˇµ)ζ2)dV olgˇµ∫
X
ζ2dV olgˇµ
.
Since Rgˇµ ≥ 0, and Rgˇµ > 0 on an open subset of X, it is clear that λ1(gˇµ) > 0 for µ ∈ (0, 1].
Take the associated eigenfunction ζµ, under our usual L
2 normalization condition. By Lemma
A.1, λ1(gˇµ) is a smooth function of µ, ζµ is a smooth family of C
∞ functions. Then the metrics
gµ = ζ
4/n−2
µ gˇµ satisfy the properties we claimed. 
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